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ABSTRACT

Christodoulos Komninakidis

DICKEY — FULLER (ADF) UNIT ROOT TESTING: METHODS
FOR THE LAG LENGTH SELECTION

June 2004

In this thesis we discuss various methods for the selection of ‘theynumber of
lagged differences (lag length selection) that have to be included in an Augmented
Dickey-Fuller autoregression in the context of testing the Hypothesis of a Unit root.
The asymptotic properties of the test statistics under varioussfag length selection
procedures proposed in the Literature are presented.“Mokeover, we discuss Monte
Carlo simulation experiments from the Literaturep,in order to investigate the
behavior of the various methods in finite_samples. Finally, we conduct our own
comparative Monte Carlo simulation study.

In the theoretical part, as well as, in "the simulation experiment, we focus
particularly on a class of ModifiedyInformation Criteria (MICC) proposed by Ng and
Perron (2001). These Criteria yield tests, which seem to be able to keep the nominal
size much better than the Standard Information Criteria (AIC, BIC) do.

Our own Morite|Carlo simulation analysis shows that the Modified Information
Criteria have desirable size and power properties for the Dickey-Fuller unit root test
statistics and in particular we (a) confirm the well known result that the size of the
unit_roat test statistics is being significantly distorted when there is strong and
negative serial correlation of the moving average type at frequency zero; this is less
so with the Modified Akaike’s Information Criterion (MAICC) which has the best
performance, (b) we also show that the size and power properties of unit root test
statistics are not significantly affected when there is serial correlation of the
autoregressive type with any of the lag length selection procedures. A new result
from our simulation is that (¢) under autoregressive moving average error processes,
when a strong moving average polynomial root at frequency zero is combined with a
strong autoregressive polynomial root elsewhere, the size distortions of the unit root
test statistics for all the lag length selection methods are reduced the stronger the

autoregressive polynomial root.



HEPIAHYH

Xprotdoovrog Kopvnvaxiong

EAErXOI DICKEY — FULLER (ADF) NTA MONAAIAIA PIZA: MEOOAOI A THN EMNIAOIH THz
TAZHZ THZ AYTONAAINAPOMHZ EZI2Q2HZ ADF

Iovviog 2004

2mv  mopovoa  daTpiPr]  avAAVOLUE TNV EMAOYN _ TNGs TA&NS TAG
Avtomarivopoung E&icwong twv Dickey — Fuller (ADF*6Tay, nhaicio tov
ehMéyyov ¢ Ymdébeong 1ng povadwaiog pilac. Alapoweidlovratr ot
OCVUTTOTIKEG WOLOTNTEG TOV oTATIOTIKOV eAéyyoy Dickey — Fuller 6tav
YPNOLLOTOLOVV dtbpopeg neBOd0VE eMAOYNG TNG-TAENSINS AvToTtaiivopoung
E&icwonc. EmnAiéov, mapovoialovtal kat avarvoevtar Monte Carlo nepapata
npocopoimong mov Non €xovv avaeepbel oy Biprloypaeia pe okomd tnv
e&epehvnomn NG CUUTEPLPOPAS TOVR.TOPATAVE® OCTUTICTIKOV EAEYX®V GE
nemepacpévo  oelypata ogdopuéyv.| 10 T1éAog mapovoidlovpe Ok pog
ovykprrikd Monte Carlo meipapaca, tpocopoimong.

Y10 OepnTiKd Kol EURELPTROS/UEPOC TNG doTpiPng, dlvetal Eneocn ce pia
owkoyévela tpomomompevov kprtnpiov (MICC) yia v emdoyn g ta&ng g
Avtomalivopofinc EEicmeng ADF mov mpotdbnke amnd tovg Ng xor Perron
(2001). Ta cvykekpryéva KpLTNpLo QAIVETOL VO £X0VV TOAD KAAVTEPT ATOOOGCT)
and ™y dmoyn tov Xeoipdtov tomov I kot I and ta xAacoikd kpirhpla
0m®¢ToRAIC kot o BIC ota mhaicia t0v gléyyov vrobécemv yia povadiaio
pica.

Ta dwd pog Monte Carlo mepdupata mpocopoimong deiyvovv 0Tl TO
tpomomoinuéva kprtipto (MICC) odnyodv ta otatiotikd tect towv Dickey —
Fuller oe embountéc otatiotikég 1010TNTEC KOl oLYKeEKpLuéEva (o)
emPefardvoope 10 yvootrd and ™ PipAloypaeio amotéiecpo OTL €yovpe
onuovtikég anokiiocelg tov cedipatog Tvmov I and v ovopacTiK) TIU GTNV
TEPIMTOON 7OV VTWAPYEL WOYLPN OAPVNTIKY OVTOcVGYETIoN TOToV Kivntov
Méoov otnv ovyvotnta pndév. To tpomomomuévo kprtnipio tov Akaike

(MAICC) mapovctalel Tic HKPOTEPES OMOKAIGELS KAl €YEl TNV KOALTEPN



amoooon. Agiyvoope 611 (B) 6TO10 KPITHPLO KOl VO EQAPULOGOVUE EV EXOVUE
oNUaVTIKEG amokAicoels Tov c@dApatog Tomov I oty mepintwon g vmapéng
AVTOCVOYETIONG AVTOTAAIVOPOUOV TUTOV Kol TEAOG (y) oTNV TEPITTOON
aVTOoVGYETIONG TOTOV Avtomaiivopopov Kivntod Méoov, 6tav cvvdovaletat
pa woyvpn pifa tomov Kivntod Mécov otnv cuyvotnto undév He pio 1oYvpn
piloa Avtomaiivopopov TOTOV G€ OMOLAONTOTE AAAN GLYVOTNTA EKTOC NG
undevikng ta Tedipoto Tomov I tov otatiotikdv teot tov Dickey — Fuller

LELOVOVTOL IKOVOTOTIKA.
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CHAPTER 1

INTRODUCTION

Many observed time series and especially economic and financial time
series display a trend implying nonstationary behavior. Others appear to
wander around as if they have no fixed population mean implying also
nonstationary behavior. An enormous number of studies dealsy With¢ the
question whether e.g. time series exhibit linear time trend anduin the case
where the answer is positive what is the appropriate/ method for its
elimination. One of the easiest ways to analyze such gimeyseries is to make
these time series stationary. When a nonstationary/seriesscan be transformed
to a stationary series by taking the first differénces,)the series is said to be
“integrated of order 1” and is denoted by I(1).”If the series needs to be
differenced k times to be stationary, thenithe series is said to be 1(k). The I(k)
series (k=0) is also called a “difference-stationary” process. Another
important class are ‘“trend-statiomary” processes, meaning that they are
stationary around a deterministie’ time trend and can be transformed to
stationarity by regressing them on time.

The distinction between these two competing processes is emphasized in
a highly influential study by Nelson and Plosser (1982). In this study, the
authors, clearly presented theoretical and empirical evidence that many
impoertant ecopomic and financial time series are better characterized by
difference-stationary processes. Since the extensive study by Nelson and
Plosser (1982) evidence of the difference-stationary behavior in many time
series was established and Nelson and Plosser’s data set was used as example
data set.

Dickey (1976) and Dickey and Fuller (1979, 1981) were the first who
dealt with the problem of the discrimination between trend-stationary and
difference-stationary processes. In particular, they approach it as the
following hypothesis testing problem: Assume that the true process that
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generates the data of a time series under study satisfies an equation of the

form:

Y =0+ 14
where

{&} ~i.i.d.(0,69) (1)

where the error process {e} is assumed to be independent identically
distributed with mean zero and constant variance o and d represents'a sef*of
deterministic components such as constant and/or time trepd®(linear, quadratic
e.t.c.). Dickey (1976) and Dickey and Fuller (1979, 1981) -confined
themselves to a discussion of the cases of a zero intereept;, a constant, and a
linear time trend.

The time series defined in equation (1) is said'to have an “autoregressive
unit root” when p=1. With p=1, {&} is stationary and {Ay:} is stationary
around the change in the deterministi¢™part. In this case {y:} is said to be
integrated of order 1 and is denotedaby I(1). Stationary time series are said to
be 1(0). When {y:} is stationary‘andsis thus 1(0), and d; is a linear time trend,
then

yt:d +&

and the(first-difference of {y.} is

Ayt =a+8t—8t_l

where a = dt —-d is constant. Thus {Ay} has a moving average unit root.

t-1
Moving average unit roots arise if a stationary time series differenced.

Tests using 1(1) as the null hypothesis are based on the autoregressive
unit root as null. Tests using 1(0) as the null hypothesis are based on the unit
moving average root as the null. Dickey (1976) and Dickey and Fuller (1979,

1981) considered test statistics for the autoregressive unit root since these are

21



the ones most common. They actually proposed two test statistics, the Zpg —
test statistic and the Tpr — test statistic, on the coefficient of y..; for the above
testing purpose. These are the “standard Dickey-Fuller unit root test
statistics”. Dickey (1976) and Dickey and Fuller (1979, 1981) showed that

ordinary asymptotic distribution theory breaks down in the case in which p is
precisely equal to unity ( o =1), and that the two proposed Dickey-Fuller unit

root test statistics on the coefficient of y.1 require to be compared with
critical values taken from non-standard limiting distributions, the sorcalled
“Dickey-Fuller distributions”, which differ depending on whegther_df™in
equation (1) is a constant or a time trend.

The assumption that the error process {&} in equation (1) is independent
identically distributed is quite unrealistic for time gseries,encountered in
practice. Dickey and Fuller also considered the case ofstesting the unit root

hypothesis that p=1 in more complicated modelsithan the one described in

equation (1), namely in models that are described as follows:

Ve = o +BYy gt U
where

+ e +n_u +¢€ (2)

with the characteristic that the error process {u:} follows an autoregressive
process that has independent identically distributed innovations of bounded
fourth moment, say AR(p) with p>1, the order of which is required to be
finite and kmown. The test statistics concerning the unit root hypothesis under
these models are the so called “Augmented Dickey-Fuller unit root test
statistics” and their limiting distributions, the “Dickey-Fuller distributions”,
appeared to be the same as in the case where the error process is assumed to
be independent identically distributed. The Augmented Dickey-Fuller unit
root test statistics — which take into account possible serial correlation of the
error process — are based on the estimation of the following “Augmented

Dickey-Fuller autoregression”:

22



yt=dt+pyt_l+g’1Ayt_1+§2Ayt_2+ ...... +§pAyt_p+gt (3)

A statement that has to be emphasized is that the number of the additional
lagged-difference terms of the dependent variable y; that have to be included
in the Augmented Dickey-Fuller autoregression depends on the true order of
the error process. In fact, if we knew that the errors follow an autoregressive
process with a known order p, then p lagged-difference terms of the
dependent variable y; should be included in the Augmented Dickey=Fuller
autoregression. Naturally, a key shortcoming for applying the Diekey-Fuller
as well as the Augmented Dickey-Fuller unit root test statistics in‘erderito test
the unit root hypothesis is that the practitioner must have knowledge about the
order of the error process, knowledge that is not possibleyto get in practice
since the true mechanism that generates the data is inumest-Cases unknown.
Said and Dickey (1984) extended the Dickey~Fuller theory concerning
the unit root hypothesis by allowing the error process in equation (2) to
belong to the general class of ARMA(p{q) processes without needing to have

any knowledge on the parameters p andq:

Yps Ay, g U

p q
u= 3 eu .+e+ 2 0.6 . (4)
t :1|t t j:ljt J

where {f&} is independent identically distributed innovations with zero mean,
constant variance and bounded fourth moment. Assuming that {u} is
stationary and invertible with autoregressive and moving average polynomials

that do not share common roots, {y:} evolves according to:

SiUt_i T4 ()

Ayt :(p_l)yt_1+l 1

I ™8
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where the parameters {(;} are appropriate functions of the parameters {¢; and
0; i=1, 2,....,p , j=1, 2,.....,q}. The true order of the autoregression (5) is
infinity when g>0. Because Ay:=u; under the unit root hypothesis, (5) can be
seen as an autoregression in Ay; augmented by y;.;, namely:

Ayt = (p_l)yt_1+l

I ™8

1§i Myp_j*é ®)

which is actually the “Augmented Dickey-Fuller autoregression” but\withran
infinite order. When the orders p and g are unknown, asesit {S,the“gase In
practice, Said and Dickey (1984) suggested approximatingythe infinite
“Augmented Dickey-Fuller autoregression” by a truncated Version whose

order is a function of the number of observations T:

i 4 0

I M=

Ayt = (p_l)yt_1+l

Said and Dickey (1984) showed that when the truncation lag number Kk in

equation (7) satisfies the conditions:
(A1) ks chosen as a funetion of T such that

3
k?——>0 and K—— o as T——>w

(A2) There exist ¢>0 and r>0 such that ck >-|-1/r

then the Augmented Dickey-Fuller unit root test statistics have the same
asymptotic Dickey-Fuller distributions as in the case where the errors are
independent identically distributed.

Ng and Perron (1995) also considered the conditions given by Said and
Dickey (1984) and believed that are unnecessarily stringent in the sense that

they can be a serious limitation for the application of the Augmented Dickey-
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Fuller unit root test statistics. Ng and Perron (1995) proved the validity of
Said and Dickey’s results in the absence of the second condition (A2) making
the Augmented Dickey-Fuller unit root tests theoretically more flexible. But,
such conditions provided theoretical rather than practical guidelines for
choosing the appropriate order for the Augmented Dickey-Fuller
autoregression. So, a question that now arises and is of great interest for

practical purposes is the following one:

How many lagged-difference terms of the dependent variable y; should_be
included in the Augmented Dickey-Fuller autoregression in practice, provided
that the conditions proposed by Said and Dickey are satisfigdybefore testing

the unit root hypothesis?

If we add too many lagged-difference terms of the'dependent variable y; in the
Augmented Dickey-Fuller autoregression they Augmented Dickey-Fuller unit
root test statistics loose power because the“estimate of the parameter on yi.;
becomes inaccurate. If we add too fewsthe Augmented Dickey-Fuller unit root
tests have eventually the wrong, size (the probability of rejecting the null
hypothesis of a unit root whendit is true). Many studies, theories and Monte
Carlo simulation experimentsisuch that of Schwert (1989), Agiakloglou and
Newbold (1991),4Harris. (1992)" and Ng and Perron (1995, 2001) arisen
concerning thetbissue of the lag length selection for the Augmented Dickey-
Fuller autoregressien so that the Augmented Dickey-Fuller unit root test
statisti€s to have robust size and power properties. This is an active research
areamand,because the selection method of adjustment for serial correlation is
not exact, several lag length selection methods (with different advantages and
disadvantages) have been proposed. Some of the most popular and widely
used selection methods for choosing the appropriate order for the Augmented
Dickey-Fuller autoregression provided that they satisfy the conditions

proposed by Said and Dickey (1984) are the following:
(a) Start with a large number k for the order of the Augmented Dickey-

Fuller autoregression and test the significance of the largest lagged-

difference term, using the ordinary t-test, referred to the usual critical
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value. If this is accepted re-estimate the Augmented Dickey-Fuller
autoregression with the order reduced by 1 and repeat the test. Stop

when the largest lag-differenced term is statistically significant.

(b) Estimate processes with every possible number of lagged-difference
terms up to a maximum lag-differenced term, and select the order for
the  Augmented Dickey-Fuller autoregression that minimises a
“Information Selection Criterion” such that of Akaike Information
Criterion (AIC) or that of Schwarz Bayesian Information Criterion
(BIC).

In this thesis, the asymptotic properties of the Augmented, Dickey-Fuller
unit root test statistics under the lag length selection methods of the type just
mentioned for selecting the order for the . “Augmented Dickey-Fuller
autoregression are going to be analysedg and Monte Carlo simulation
experiments are going to be used to show thelr distinctive behavior in finite
samples.

Monte Carlo simulation studies ‘have repeatedly shown a strong
association between the order of,the Augmented Dickey-Fuller autoregression
and the severity of size_distortions and/or the extent of power loss of the
Augmented Dickey-Fuller unit root test statistics. This association is more
visible in the<gase where the underlying data generating process contains
moving average errer.components.

Lag length selection methods such that of AIC and BIC tend to select
valuesafor. the order of the Augmented Dickey-Fuller autoregression that are
generally too small for the Augmented Dickey-Fuller unit root test statistics
to have good size and power properties especially when the error process
contains moving average components. The analysis shows that the lag length
selection method based on the ordinary t —test for the significance on the last
lagged-difference term has the ability to yield higher orders for the
Augmented Dickey-Fuller autoregression than the AIC or BIC and reduce the
size distortions of the Augmented Dickey-Fuller unit root test statistics. But,
the lag length selection method based on the ordinary t —test tends to

overparamererize data generating processes with errors that follow
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autoregressive processes in some cases, a result that leads to power losses. So,
neither approach is fully satisfactory and an improved selection procedure for
choosing the order for the Augmented Dickey-Fuller autoregression is needed.

Ng and Perron (2001) having firstly reconsidered issues related to
standard Information Criteria such that of AIC and BIC for valid model
comparisons they developed a class of Modified Information Criteria, denoted
by MICC. These Modified Information Criteria have the key advantages that
(a) they have a penalty factor that retains a stochastic term (b) take into
account the fact that the bias in the sum of the autoregressive coeffiCients is
highly dependent on the order of the Augmented Dickey-Fuller autoregression
and (c) adapt to the type of the possible deterministic termsathat>might be
included in the underlying data generating process. /More,precisely, the
Modified Akaike Information Criterion, denoted by MAICC, is shown to lead
to substantial size and power improvements for the Augmented Dickey-Fuller
unit root test statistics when is used to selectithe)order of the Augmented
Dickey-Fuller autoregression compared to all\the other lag length selection
methods especially when the data generating, process contains moving average
error components.

In Chapter 2 up to Chapter 4 we are concerned with presenting the
background of the univariate _gprocesses that contain a unit root. More
specifically, the purpose of Chapter 2 is to present nonstationary univariate
time series andhow we _can model them using trend-stationary or difference-
stationary processes,as well as to shortly compare them from the forecasting
point .of view in order to see their different implications in finite samples.
Chaptery,3. _is devoted to nonstationary univariate processes that are
characterized by difference-stationary processes and to unit root hypothesis
testing problem in equation (1) and (2) under independent identically
distributed and autoregressive error processes of finite and correctly specified
order, respectively. Chapter 4 focuses to the extensions of the Augmented
Dickey-Fuller unit root test statistics in the case in which the error process
that described by equation (3) belongs to the general class of stationary and
invertible ARMA processes the orders of which are assumed to be unknown

as it is in practice.
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Chapters 5 and 6 are the main focus of this thesis. The issue of choosing
the appropriate order of the Augmented Dickey-Fuller autoregression using
the various selection methods of the type mentioned above in order the
Augmented Dickey-Fuller unit root test statistics to have robust and
satisfactory size and power properties from the theoretical point of view is
presented in Chapter 5. Chapter 6 is primarly devoted to the construction and
extensive presentation of own as well as published Monte Carlo simulation
experiments in order to examine the size and the power properties of the
Augmented Dickey-Fuller unit root test statistics in finite samples when
ordinary t — tests of various significance nominal levels and “standard,
Corrected and Modified Information Criteria selection, methods, are used for
choosing the order for the Augmented Dickey-Fuller autoregression. Their
majority is mainly focused on testing the unit ,root hypothesis in data
generating processes of the form described in equations, (1), (2) and (4) (with
di=0) in the cases in which the errors dollew)a moving average and
autoregressive process of order 1, denoted byaMA(1) and AR(1), respectively,
because these cases occur frequently in.economic and financial data.

To provide a deep insight into the issue of testing unit root hypotheses in
finite samples and choosing thesappropriate order for the Augmented Dickey-
Fuller autoregression in_order, the Augmented Dickey-Fuller unit root test
statistics to have sobustiand satisfactory size and power properties we study
the error proceSses from their spectral features perspective. More specifically,
it is well known that the true spectrum of a moving average process of order 1
indicates a ‘hole’ at the frequency zero that is ‘stronger’ the closer the
meving average polynomial root is to unity. It is also well known that the true
spectrum_of an autoregressive process of order 1 indicates a ‘peak’ at the
frequency zero that is ‘stronger’ the closer the autoregressive polynomial root
is to unity. In the first case where the errors are modelled by a MA(1) process,
it has been noted that the Augmented Dickey-Fuller unit root test statistics
seem unable to keep the nominal size at a permissible percentage rate when
the underlying data generating process is indeed a unit root process and this
inability increases the stronger the “hole” is at frequency zero. On the other
hand, in the second case where the errors are modelled by an AR(1) process,

the Augmented Dickey-Fuller unit root test statistics are able to keep the
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nominal size at a permissible percentage rate when the actual data generating
process is a unit root process. The above statements lead to the conclusion
that the inability of the Dickey-Fuller unit root test statistics to keep the
nominal size at a permissible percentage rate when the actual data generating
process is a unit root process is due to strong and negative serial correlation
of the moving average type, i.e. a strong moving average polynomial root
close to unity indicating a strong “hole” at frequency zero in the true

spectrum of the error process. A question that is now arisen is the following:

What can we tell about the size and power performance of the. unit“root test
statistics in the case where the actual data generating processithat'described
in equations (1), (2) and (4) with moving average or autoregressive errors

that are modeled by more complicated than a MA(1),01f AR(1) processes?

or similarly

What can we tell about the size andpoweryperformance of the unit root test
statistics in the case where the_root/roots of the moving average and/or
autoregressive polynomial of the error process are close to unity, indicating
‘holes’ and ‘peaks’ in the true,spectrum of the error process, at frequencies
different from zer@ as well as at*various combinations of them including the

frequency zero?

To answer these questions that are of great interest in the context of
testingeunit_root hypotheses in finite samples we construct and fully present
additional Monte Carlo simulation experiments that are combined with
Figures in order for us to derive more robust and satisfactory averall
conclusions.

According to many authors, there are many reasons to believe that
economic and financial time series encountered in practice contain moving
average components. Our Monte Carlo simulation experiments provide a
useful tool for the broad application of the Dickey-Fuller and the Augmented

Dickey-Fuller unit root test statistics.
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CHAPTER 2

NONSTATIONARY UNIVARIATE
PROCESSES

2.1 INTRODUCTION

Many observed time series seem to display nonstationary behawior. For
economic time series, nonstationary behavior is often ‘the™most®dominant
characteristic. Some series grow in a secular way over Agnguperiods of time
implying trending (nonstationary) behavior and others appear to wander
around as if they have no fixed population mean‘implying nonstationarity in
the mean.

Figures (A.1) through (A.4) in Appendix\A represent (a) the total U.S.
Industrial production index from 1990 up“to 2003 after seasonal adjustment
(b) the E.U. Exports at constant_prices (in EUR billions) from 1990 up to
2003 after seasonal adjustmenmnt (c) the Unemployment Rate in Alaska
(percent) from 1990 up to, 2003/ after seasonal adjustment and (d) the U.S.
Consumers’ Inflation Expectations (percent) from 1990 up to 2003 which
clearly show sdeh patterns.

Growth characteristics are especially evident in time series that represent
aggregate economic behavior like gross domestic product and industrial
production. Random wandering behavior is evident in many financial time
series like interest rates and asset prices. Similar phenomena also arise in data
from other sciences like communications and political sciences. Any attempt
to explain or forecast series of this type requires a mechanism to be
introduced to capture the nonstationary elements in the series, or the series
have to be transformed in some way to achieve stationarity. Yet this is often
much easier to say than it is to do in a satisfactory way. The problem is more
cumbersome in the multivariate case, where several time series may have
nonstationary characteristics and the interrelationships of these variables are

the main object of study.
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Nelson and Plosser (1982) have proposed to distinguish nonstationary
time series of the type just mentioned from the fundamental nature of their
underlying trend and, as far as this underlying trend is concerned, they
mentioned that the tendency of economic time series to exhibit variation that
increases in mean and dispersion in proportion to absolute level, motivates the
transformation to natural logs and the assumption that trends are linear in the
transformed data (Nelson and Plosser, 1982, p.141). Indeed, many economic
and financial time series seem better characterized by a linear and mostly by
an exponential time trend. In the latter case notice that if we take the natural
log of the exponential time trend, the result is again a linear time trend. SO,
the linear specification of the deterministic trend is going-to“be used and its
coefficients are assumed to be constant over the sample,period. More
specifically, the deterministic time trend, denoted hgreafter by d¢, can be any

of the following:

di = 0 (zero) , d; = a (constant) and di*=,a +6t (linear time trend)

Some series should be best described as having a deterministic time trend
meaning that are completely predictable (if we know the coefficient of time),
while others should rather be“described as having a stochastic trend meaning
that increase systématically jas t"goes to infinity (sometimes systematically
decreases) and{there is_no force to move toward their mean. The fundamental
difference betweenythe two is that the former is such that the time series is
mean-reverting while the latter have no such inherent tendency. Nelson and
Plosser (1982) also provided evidence that nonstationary time series of the
type just mentioned are better characterized by stochastic trends. The
statistical properties of nonstationary time series that are captured by
stochastic trends are crucial in statistical and economic applications and will
be of prime concern in this thesis.

This chapter follows Hamilton (1994, chapter 15, p.435-447) and
proceeds as follows. Section 2.2 is devoted to modeling nonstationary
univariate processes that indicate linear trending (nonstationary) behavior
using trend-stationary and difference-stationary processes and to

distinguishing them theoretically with section 2.3 being involved to compare
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them from the forecasting point of view in order to see their asymptotical
implications as well as their implications in finite samples giving both
theoretical and visual examples. In the end of this Chapter some remarks

concerning these two competing processes are provided.

2.2 MODELS FOR NONSTATIONARY UNIVARIATE
PROCESSES

It is widely known from the Wold’s decomposition®™(Hamilton, 1994,

p.108-109) that an observed stationary time series can bg writtentin the form:

y; =1ty (L)e (2.2.1)

Q0

where Y 1//12 <o Wwith 4 =1, {&} is_a White” Noise process with zero
j=0

mean and o variance, denoted by.{egh~ WIN(0, 6%, p is the unconditional

mean of the series, L is the lag operator for which Lyt and the roots

“Yior
of the polynomial y(z) = 1%y 2822+ ysz’+...... are outside the complex

unit circle meaning that
vz eC with |z|<1 we have that y(z) =0

Finding the Wold representation in principle requires fitting an infinite
number| of “parameters {wyi, a2, ..... } to the data. With finite number of
observations this will never be possible. As a practical matter, we therefore
need to make some additional assumptions about the nature of {y1, vz, ..... }.
A typical assumption is that y(L) can be expressed as a ratio of two finite-
order polynomials:

L+ L+0, % 4. +9qu

- .
v= ¥y AL
i=0 (L) R
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where ¢(L) and 6(L) both have all the roots outside the unit circle.
For the process of the form (2.2.1) it holds that:

o0
E(y) =pn and Var(yy) = o2 > ;//Jz <
=0

The forecasting methods applied to this representation of stationary time
series imply that if we try to forecast them farther into the future, the forecast

is the unconditional mean of the series:
lim Vipgpp =4
—> O

for which we know that is independent of time.

The mean squared error (MSE) for this forecast is*the unconditional variance
of the series. So, the process of the formy(2.2.1) is impossible to capture the
trending behavior of a time seriesy'orathe “‘random fluctuation that implies
nonstationarity in the mean.

The question that arisesqat thispoint is the following:

How can we model time seri€s that indicate trending (nonstationary) behavior
or random fluctuation; that implies nonstationarity in the mean since the

general class of the)processes of the form (2.2.1) is not capable?

For thecase of linear trending time series there are many approaches that can
be considered appropriate to handle the situation. However, there are two
approaches that are widely known and used in practice. The first widely
known approach is to include a deterministic linear time trend instead of a

mean in the stationary process of the form (2.2.1):

yp=a+a+y(l)e (2.2.2)
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Such a series has the unconditional mean equal to:
E(yy) = a + 8t

which is the deterministic trend of the series .

A process of the form (2.2.2) that exhibits a deterministic time trend is called
trend-stationary meaning that is stationary around the deterministic time trend. A
common method to get a stationary process from (2.2.2) is to substract the trend a+dt.
Therefore, recalling the Box-Jenkins theory of stationary processes we can do_the
analogous statistical inference (Brockwell and Davis, 1996).

The second widely known approach is to consider a difference-stationary
process, the so called unit root process with drift germy,satisfying the

equation:

Yy =Y tO+Y (L)et

or
*
(1-L)y, 284y (e, (2.2.3)
o 0L .
where & denotesthe mean of (1— L)yt and y (L)=-———" with ¢ (L) being
e (L)

stationary and 0 (12).being invertible .

Many scientists like Nelson and Plosser (1982) and D.N.Dejong,
J.CINankervis, N.E.Savin and C.H.Whiteman (1992) included in their studies
detailed, discussions about the difference between these two widely known
competing processes.

The issue now becomes to relate the processes of the form (2.2.2) and

(2.2.3). To do this let us consider the case in which:

yp =a+a+u (2.2.4)

where u follows a zero mean ARMA(p , q) process :
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(1-¢1L-¢2L2-....-¢pr)ut -

2 q
(1+6?1L+02L o +6?qL )gt

(2.2.5)

where the moving average operator (1+91L+.92L2+....+0qu) has all the

roots outside the unit circle. The autoregressive operator in (2.2.5) can be

viewed as:

2 Py _
A-gL-gpl=- ng LP)=

-1 -1 -1
(-2 02y L) -2 )

If all the roots A, ,A

1 Agre ,/1p are outside the unit circle, (2.2.5) can be

written as:

2 q
1+¢91L+92L +....4+0 L

_ q
u =
& w(L)gt

(0.0]
where 2. Il//j |<'comand the roots of y/(z) =0 outside the unit circle.
j=0

Thus, when Mi_l |<1 for all the indices i, the process (2.2.4) would just be a
special case of a trend stationary process (2.2.2).

Suppose now that /11_1 =1 and Mi_l <1 fori=2,3,4,...,p.
Then (2.2.5) states that:

2 q
(1+01L+92L +. +9qL )E

meaning that:
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140 L+0.1%+...+0 L9

1 2 q *
by ="— -1 1Lt By
(-2 - 2310 2T
00 > *
with X |w.|<o androots of w (z)=0 outside the unit circle.
=0

Now if (2.2.4) is first-differenced, the result is:

(1-Ly, =@- L)a +[&-5(t-1)]+ - L)u, =

0+5+l//*(L)8t :5+t//*(L)5t

which is of the form of the unit root process (2.2.3).

We can also notice that if we first-difference the trend-stationary process in
order to achieve stationarity instead of substracting the linear time trend we
get the following result:

Yy = 05+é’[+w(L)gt = Ayt =0+ (- L)I//(L)é‘t

which implies that the time/series y; is stationary but with a non-invertible
moving average polynomial . This result generally limits the time series since,
for example, it can not be represented as an AR( o) process.

The whole representation explains the term “unit root” process, that is, one of
the roots ofthe autoregressive polynomial in (2.2.5) is unity and all the others are
outside the unit circle. The process (2.2.3) is often called integrated of order 1 and
written as y; ~ | (1), or equivalently, is called autoregressive integrated moving
average process and written as y; ~ARIMA(p, 1, ). Suppose now that the
autoregressive polynomial in (2.2.5) has two roots equal to unity and all the others are

outside the unit circle. Then it holds that:

1-D%y, =5+y" (g
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and y; is said to be I (2) and written as y; ~ | (2), or equivalently, y: ~ARIMA(p, 2, q).
In general y; is said to be an autoregressive integrated of order d moving average
process, wtitten as y; ~ ARIMA(p, d, q), if d - differences are necessary for achieving
stationarity:

D=0y =0,z

The first parameter p refers to the number of autoregressive lags (not countingthe unit
roots), the second parameter d refers to the order of differencing in orderto aechieve
stationarity and the third parameter q gives the number of the meving average lags.

Of particular interest to us are the | (1) processes (e.g. ARIMA(p, 1,q))

2.3 SHORT COMPARISON OF TRENDSTATIONARY AND
UNIT ROOT PROCESSES

Unit root and trend-statiopary| processes often imply very different
predictions, so deciding which%process to use is tremendously important for
applied forecasters. Having medeled nonstationary univariate processes that
indicate linear trending behavior using trend-stationary and unit root
processes let.ds now compare them from the forecasting point of view in
order to see theirtasymptotical implications as well as their implications in
finite .samples. In this comparison we follow Hamilton (1994) (Section 15,
p.444=446).

a) Comparison of Forecasts

In order to forecast a trend-stationary process of the form (2.2.2), we
have to simply add the deterministic component a+ot to the forecast of the

stationary stochastic component:
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Vi psrp =aroU+s) v e vy g8 1 HVo o6 5t

(2.3.1)

As the forecast horizon s grows large, absolute summability of {z//j} implies

that this forecast converges in mean square (m.s.) to the time trend:

E[yt+s/t'a 5(t+s)] BLLUENG as S—

To forecast a unit root process of the form (2.2.3){ recalling that Ay;,

where A is the differencing operator, is a stationary process;, \we use the same

formula that used above:

*

Mgt = 5+'”gt+‘/’s+1t 1 Vs 426t %9 Ny

The desired forecast is 9,[

+s/t +s/t

+(yt+1_yt)+yt:Ayt+s+Ayt+s—1+ ....... +Ayt+1+yt
and

yt+s/t:Ayt+s/t+Ayt+s et Y e Y T
(5+1// gt+WS+lt 1 V/S+2 o T )+

*

*
(5+l//s 15t TV 81 VW15t T )+

(5+W18t+l//28t_1+l//38t_2+ ...... )+yt

which results in:
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n 5 * * *
yt+s/t =S +yt +(1//S +zys_1+....+z//1)gt +

*

* *
(1//S+l+l//s+ ..... +l//2)8t_1+ .......
(2.3.3)

As we can see from (2.3.1) and (2.3.3), the forecast ¥, /¢ converges to
a linear function of the forecast horizon s with slope d. The main difference is
in the intercept of the line. For trend-stationary processes, the forecast
converges to a line where the intercept is the same regardless the valug of y.
By contrast, the intercept of the limiting forecast of a unit reet precess‘is

continually changing with each new observation ony.

b) Comparison of Forecast Errors

For a trend-stationary process of the form, (2.2.2) the s-period-ahead

forecast error is given by the formula:

Yivs Virsit -
[a+5(t+s)+gt+s+wlgt+s_l+y/25t+s_2+ ....... +

Vs 1%t 417V TVs (15101 N F
—[a+5(t+s)+t/lset+y/s+1gt_1+z//s+25t_2+ ........ =

ftes TVt VP tas 2T Ve _1%t41
(2.3.5)
The'mean squared error (MSE) of this forecast is:
E(y -y )2: l+ly2+w2+ +w2 o2 (2.3.6)
t+s “t+s/t 1 2 s—-1 e

The MSE increases with the forecasting horizon s, though as s becomes large,
the added uncertainty from forecasting farther into the future becomes

negligible:
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. N 2 2 2 2
lim E(yt+S _yt+S/t) _(1+l//1 +l//2 .o )7
S —>

(2.3.7)

which is the unconditional variance of the stationary component y(L)s; .

For the unit root process (2.2.3) the s-period-ahead forecast error is:

Yers Virs/t =Wpyg v g gt T 1 HY -
A g T sy Tt N YD S

=Gy s TV G g1 Tt Vs 1 f )Y

+(8t+s_1+l//18t+s_2+ ..... +l//s_28t+l)+....+8t+1=
* * *

=gt+s+(1+1//1)gt+s_1+(1+z//1+w2)gt+s_2+ ...... +

* * * *
+(1+1,//1 Yyt Yt +Ws—1)gt+1

with MSE

The MSE again inCreases with the length of the forecasting horizon s, though
in contrast to“the trend-stationary case, the MSE does not converge to any

fixed value as s goes,to infinity. Instead, it asymptotically approaches a linear

function of s with slope (1+ t//*]_ +1,y*2 + s o

To\summarize, the forecast error of a trend-stationary process is given by
y(L) that is stationary. Hence, there is no influence of past or currect
innovations on the mean of the dependent variable y;, and all uncertainty
about the forecast error of y; is bounded in contrast to a unit root process that
eventually grows linearly with the forecast horizon.

Let us now see the implications of these two competing processes at a
finite sample size of observations. Assume that we have a finite sample size
of T observations that were really generated by the following unit root

process:
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Ye =Y 1 té true model (unit root) (2.3.8)

Consider trying to distinguish this from the following stationary process:

Yy =y _tE |lo| <1, false model (stationary) (2.3.9)

The s-period-ahead forecast of y.s assuming the process of the form (2.3.7)
is:

Yivsit =t (2:3.10)

with MSE

. 2 2
EOtys ~Viwsit)” =59 (2.3.11)

The corresponding forecast of y.s assuming the process of the form (2.3.8) is:

~ .S
Vi s 2 N (2.3.12)
with MSE

2. 4 2s-1),,,2

~ 2_
E(yt+s—yt+5/t) _(1+§D to +... +o (2313)

As we can notice, there exists a value of ¢ very close to unity such that the
observable implications of the stationary process are arbitrarily close to those
of the unit root process.

Below we show that the opposite is also true: there exists a value of 6
very close to — 1 such that the observable implications of a unit root process
are arbitrarily close to those of a stationary process. To see this consider the

following process as the true process:
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Yi = & true model (stationary) (2.3.14)

and consider trying to distinguish this from:

@a- L)yt =1+ 6|_)gt , |0 <1, false model (unit root) (2.3.15)

The s-period-ahead forecast of y+s assuming the process of the form (2.3.14)
is:

Yivsit = 0
with MSE

. 2 2
EO s Yiast) =9

The s-period-ahead forecast of y.s assuming the process of the form (2.3.15)

is:

Viogyp =Yy 96 =AY+ A J g+t AY, Y ) + 96, =
[(e, + 05, )+ (8 _ 406, 1)) ®....t (6, +08)) + )]+ 0c, =
1+ 9)(8t +&{l

+....t&, &

1 2 1

with MSE
- 2 B 2,2
B(Y,, oYy, o))" =+ (-D+0)°Jo

To emphasize the fact that for a given fixed sample size of observations
T unit root and stationary processes have identical implications we give a
visual example that shows that even when processes share the same
realizations for the innovations, series that have unit roots and series that do

not can behave similarly.
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Example (Visual inspection)

Consider the following stochastic processes for the series y; and z;:

B Y15 B 0.05+zt_1+gt
y, = and z, =
t 0.9y, 4 +¢ t |0.05t+¢

t

with {e}~ N (0, 0.1%).
In each case the first processes correspond to a pure random awalk.and)a
random walk with drift, while the last correspond to a stationary AR(1)and a

trend-stationary process. Figure (A.5) in Appendix A presents realizations of

size 100 for each of these processes with {5t Eo—ol fixed.®We labelled the

resulting series as yi, Yy, and z; and z; randomly=Can,we tell which have unit
roots? The answer is negative. So, visual inspectien can not serve as a guide

for discriminating series with or withoutsunit roeots.

2.4 REMARKS

The basic distinctionsbetween trend-stationary and unit root processes is
that the former do, andthe latter do not, tend to return to a fixed deterministic
trend function. Since the non-trend component y(L)g; in (2.2.2) is stationary
with mean zerg, the process is such that y; tends to fluctuate about the fixed
trend function o+6t. In formulation (2.2.3), by contrast, the tendency is for y;
to growat a rate 6 from its current position, whatever might be. There is,
expect in a limiting case, no tendency for y; to return to any fixed trend path.

In addition, unit root and stationary processes have sharp asymptotic
differences but for any fixed sample size there are unit root processes which
behave like stationary processes and stationary processes which behave like
unit root processes.

Thus, we must be very careful when testing whether a time series

contains unit root or testing whether there exists a permanent effect on the
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level of the series. As far as this thesis is concerned, we will deal with unit
root processes for analyzing the trending behavior as well as the

nonstationarity in the mean of time series.
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CHAPTER 3

UNIVARIATE UNIT ROOT PROCESSES

3.1 INTRODUCTION

Unit root processes have attracted a considerable amount of work\in beth
statistical and economics literature. Indeed, the view that most écenomic time
series are better characterized by unit root rather¢than! trend-stationary
processes has become prevalent. The work of Nelson and“Rlasser (1982) that
found that most macroeconomic variables have /a lunivariate time series
structure with an autoregressive unit root has catalyzed the research with both
empirical and theoretical dimensions. Nelson®wand Plosser’s study was
followed by a series of empirical analyses that confirmed their findings.
Empirical applications of different,'methodelogies generally confirmed the
conclusion that most macroeconomic\time series have an autoregressive unit
root. These studies had many effects on statistical and economic theory. They
seem to confirm previous analySes that had advanced the unit root processes
for particular economicwnseries, for example, consumption (Hall, 1978),
velocity of money=(Gould and Nelson, 1974) and stock prices (Samuelson,
1973).

In|this chapter we will give the statistical inference concerning the
univariate“unit root processes. In particular, we are mainly interested in
decidingrwhether to proceed with a unit root or a trend(or mean)-stationary
process in order to describe the nonstationary behavior of a time series of the
type mentioned in the previous chapter since we saw that they both lead to
different implications.

This specific discrimination is actually a model selection problem. Fuller
(1976) and Dickey-Fuller (1979) were the first who dealt with such
discrimination. They actually approached it as a hypothesis testing problem

and proposed two test statistics, the Zpr — test statistic and the tpg — test
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statistic, commonly known as standard Dickey-Fuller (DF) test statistics and
are based on a simple autoregression with or without a constant or a linear

time trend. They are based on testing p =1 in the equations:

Yt = AYr—1t ¢t
yt =a+pyt_1+8t

yt =Oc+6t+pyt_1+8t

with the error process {¢;} being independent identically distributed, for

determining whether y; has a unit root so that y; is a difference-stationary
process.
Because ordinary asymptotic distribution theory breaks down in the case in which

p is precisely equal to unity (p = 1), the two propesed Diekey-Fuller unit root test

statistics on the coefficient y..; require to be comparedywith critical values taken from
non-standard limiting distributions, the so called*Rickey-Fuller distributions, which
differ from depending on whether or not nuisance, parameters such as constant or time
trend are included in the estimated autoregression. But this can readily be done since
Dickey and Fuller have provided the,profession with the pertinent Tables.

The assumption thatgthes’error process in the above equations is
independent identicallyydistributed is quite unrealistic for time series
encountered in praeticessDickey and Fuller (1979) also considered the case of

testing the unit foot hypothesis that p=1 in more complicated than

indepéendent identically distributed error processes, namely under the
assumptionithat the error process follow an autoregressive process, say AR(p)
with p >-1, the order of which is required to be finite and correctly specified.
When the error process {&:} is correlated, there is a need to either change the
estimation method (adopt another estimated equation) or modify the test
statistics to obtain consistent estimators and test statistics. Dickey and Fuller
(1979) use the first approach of changing the estimated equation, commonly
known as the “Augmented Dickey-Fuller (ADF) autoregression”. The Dickey-

Fuller test statistics concerning the unit root hypothesis that p = 1 under the

case of the correlated error processes are the so called “Augmented Dickey-
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Fuller” unit root test statistics and their limiting distributions, the Dickey-
Fuller distributions, are the same as in the case where the error process is
assumed to be independent identically distributed not forgetting that are
different from each other depending on whether or not nuisance parameters
are included in the estimated Augmented Dickey-Fuller autoregression.

The difference between the simple autoregression and the Augmented
Dickey-Fuller autoregression is that in the latter additional lagged-difference
terms of the variable y; have to be included in its right side in order to
eliminate the serial correlation in the error process (see Introduction, equation
3). In addition, the appropriate number of the additional lagged-difference
terms to be included in the right side of the AugmentedwbDickey-Fuller
autoregression is depended on the true order of the error process.

Of course, there are many proposed test statistics concerning the unit root

hypothesis that p = 1 for discriminating unitiwrootyand trend(or mean)-

stationary processes in the literature . In this ‘thesis we will deal with the
Dickey-Fuller unit root test statistics since they are widely known from time
series analysts and mostly they are eaSily computed.

The plan of this chapter is as,follows. In section 3.2 we explain why the
asymptotic distributions and the ,rates of convergence for the estimated
coefficients of unit rootprocesses differ from those for stationary processes
when testing the4unit reot hypothesis. The above statements are illustrated
using the firstygiven,simple autoregression with the error process being
independent identically distributed. The presentation of the standard Dickey-
Fuller“unit root test statistics along with their asymptotic distributions in the
case Wheregdifferent nuisance parameters such as constant and linear time
trend are included in the simple autoregression when testing the unit root
hypothesis is presented in section 3.3 with section 3.4 being involved with
some remarks on the standard Dickey-Fuller unit root tests. Section 3.5 is
concerned with testing the unit root hypothesis in the Augmented Dickey-
Fuller autoregression under autoregressive error processes of finite and
correctly specified orders with section 3.6 being involved with some remarks

coming from the section 3.5.
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This chapter is mainly based on the development of Hamilton (1994,
chapter 17, p.486-543) and interested readers should refer to him for an

extensive study on the theory that is going to be illustrated.

3.2 RATES OF CONVERGENCE

Consider the following process:
Yi =AY 1T (3.2.1)

with the error process {gt} being independent/ identically normally
distributed with zero mean and o variance, depeted by {3~ 1Li.d.N(O, )

and yo = 0. Given T observations, the conditional maximum likelihood

estimator of p is the ordinary least squares (OLS) estimator:

XYY
pr =5t (3.2.2)
%y¢
t-1
where > denotes hereaffer summation over the observations t=1 ,2 ,...., T.
Mann and Wald (1943) first proved that if | p |[<1, then:
VT (pr - p)
IT (o~ P)—> N0, (- p2)] = ——L———=N(0D) (3:2.3)

V- p2)

(where —L> denotes convergence in distribution).

Suppose now that we would like to test the hypothesis that p=1. If

(3.2.3) were also valid for the case when p =1, it would seem to claim that
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ﬁ(ﬁ.r —p) has zero variance, or that the distribution collapses to a point

mass at zero:

T (py n—P o

(where — P, denotes convergence in probability ).

Rubin (1950) showed that ,bT is a consistent estimator for all values of

p. On the other hand, when p=1, White (1958) was unable_to tavert the

limiting joint-moment generating function to obtain the I'wmiting distribution.

However, based on Donsker’s theorem, he repregented,the limiting

distribution of T(ﬁ.l_ —1)/\/5 as that of the ratio ofgtwo integrals defined on
the Wiener process. Later M.M.Rao (1961) abtained an expression of the
limiting distribution of T(,[).I. —1)/\/5 but,it is not of an easily recognizable
form. However, the standardization of [)T as T(/ST —p)/\/§ by White (1958)

and M.M.Rao (1961) has been\| proved incorrect and the correct

standardization of /BT is T(/ST = p) (Phillips 1987a). Fuller (1976) and
Dickey and Fuller (1979) derivedsthe asymptotic distribution of ,bT under the

assumption ofthe L.i.d. errors and assumption of y, = 0.

To get a better,sense of why scaling by T is necessary when the true
value of p is unity let us analyze apart the numerator and the denominator in
the “beneathyequation which is actually the difference between the OLS

estimator o, and the true value p which in our case is assumed to be unity:

T(or -D= T (3.2.4)
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We first work on the numerator. Since y; is a unit root process, or

equivalently, a driftless random walk under the assumption that p=1, it is

normally distributed with a variance that grows at rate t:

Notice also that:
_ 2 2 .2 2
Ve =Y 176 S Yy =g T6)" =Y +2yt 1%t Th <

22 2 G
S2Y 5 =Yy Y17 S V15 T (yt “Ye 176 )

Taking the time series average, we obtain:

e I B Nt (R R o
g g

Thus,

1 1 2. 1 2

T T T A

1 1/ %7 2 1 2
P I
24 tlte 26T pp2r T

(3.2.5)

We know that thz is the sum of T i.i.d. random variables, each of mean zero

and variance o, and so, by the law of large numbers we have that:

%zgtz_pmz (3.2.6)
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Furthermore,

y
Yy~ N0, 6*t)= y ~ N(0, o°T) =T -N(© 1) =

oVT

y2 2
T (3.2.7)
(v

where ;(12 is the chi-square distribution with one degree of freedom.

Using (3.2.6) and (3.2.7), it follows from (3.2.5) that:

1 L 1, 2

For the denominator we use the fact that Y 4~ N [0, o%(t-1)].

1
Then, E(ytz_l) —ol(t-1)= ZE(ytz_l) Zo?y(t-0=0" u —21)T

Now, dividing by T? we/get:

2 2 2

2 o o o
E = - -
LEY =77 2

1
72

By doing these steps we have been able to establish that the denominator of
T([)T —1) is a random variable with mean o?/2. We can not really say at this

point whether
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converges in probability to ¢?/2 or if it converges in distribution to a random
variable with mean o%/2. Moreover, the asymptotic distribution of the

T(,b.l_ —1) under the above considerations is not the usual Gaussian

distribution but instead involves a ;(12 - variable in the numerator and a

separated non-standard distribution in the denominator. The asymptotic

distribution of T(,aT —1) will be fully characterized in the next section.

Now consider again the OLS estimator o, given by the form of (8.2.2).
Another popular way to test the unit root hypothesis that p =1 is based. on the
usual OLS t — test:

172
- 2 < 2
Py {ST /Zyt—1}

where &/3 is the usual OLS standard gerror for the estimated coefficient [).I.
T

and
2 A
ST ZZ(yt_pTyt_l)Z/(T _1)

Another but equivalentformulation of the usual OLS t — test is given by:

pr -1 T_lzyt—l‘gt

5 1/2 1/2
o5 —2<,2 2
oot ()

and it is obvious that has terms that are equal to those included in the form of
(3.2.4). So, repeating similarly the analysis for the numerator and the
denominator of the above formulation of the usual OLS t — test we conclude

that its distribution is not the usual normal distribution but instead involves a
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;(12 - variable in the numerator and a separated non-standard distribution in

the denominator. The asymptotic distribution of the usual OLS t — test will be

also fully characterized in the next section.

3.3 ASYMPTOTIC PROPERTIES OF THE DICKEY-
FULLER (DF) STATISTICS

Before starting characterizing the asymptotic distribution of.the T([)T —1)

test statistic as well as that of the usual OLS t — test statistic concerning the

unit root hypothesis that p=1 under the process of the’form(3.2.1) we will

present some of its asymptotic properties whenythewtrue value of the

coefficient p is unity in a form of a proposition without giving their proofs

(Hamilton 1994, chapter 15, p.486).

Proposition A

Suppose that & followsy,a unit root process, or equivalently, a random

walk without a drift term:
ét =§,[_1+5t (3.3.1)

wheéresgo.= 0 and {e}~ i.i.d.(0, 6%). Thenas T — o

1
a) T 22£t—L>oVV(1) (3.3.2)
b) T_lzgt_lgt—l'>%o-2{[\N(1)]2 —1} (3.3.3)

54



3

-2 1
¢ T ZZtgt—LmW(l)—ajW(r)dr (3.3.4)
0
3
d T 22§t_1—>ajW(r)dr (3.3.5)
0
1
o) T 252 Lol W r (3.36)
0
5
fy T 22t§t_1—>aer(r)dr (3.3.7)
0

The asymptotic distributions in the above groposition are all written in terms
of functionals of the Wiener process denated by W(r) for 0<r <1. Although
Fuller (1976) and Dickey and Fullery(19%6,1979) did not provide the limiting
distributions concerning the two test statistics considered in the previous
section with functionals of‘the 'Wiener processes, they first derived their
distributions and made their Tables. The functional forms of the Wiener
processes are due to Phillips (1987a, 1988b).

Most of the studies about the asymptotic behavior of the OLS estimator

ot haye been concerned with the following process:

Yt =i -1+ ¢t

where {&;} is assumed to be a sequence of independent normal random

2

variables with zero mean and o“ variance, denoted by {gt}~i.i.d.N(0,02),

given that the data are believed to be generated by the process:

Yt =Yt-1t¢t
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It is also hard to believe that when the unit root hypothesis is rejected the
AR(1) process without a constant or a deterministic time trend describes well
most of the economic and financial time series which usually show some
tendency to increase over time implying trending behavior as well as random
fluctuation that implies nonstationarity in their mean. Hamilton (1994, p.487)
summarizes the above considerations by dividing them up into the following

four cases:

Case 1

Assume that the true process that generates the data is drivensbyythesfollowing

unit root process which is often called driftless random walk:

Y =Yg & (3.3.8)
where yo = 0 and & ~ i.i.d.(0, 6°) and that the“estimated equation is given by
the form:

Vi S e

Then, for the narmalized least squares estimator, /3T , we have that:

A L \;{[W(l)]z ‘1} (339

and for the studentized least squares estimator, [)T , we have that:
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1 2

>l L {[vva)] —1}
"DF = - ,—2 X (3.3.10)
PT 1 "
2
{J[W(r)]zdr}
0
where 62 = S-IZ and s%=i2(yt—/3Tyt 1)2

PT zytz_l T-1

The result (3.3.9) allows the point estimate /3T to be used by itself toytest the

null hypothesis of unit root, that is p=1, without needing tocalculate its

standard error. The asymptotic density’ of the Zpr — gest'statistic under this
case is displayed in Figure (A.6) in Appendix A, and-clearly shows that the
distribution involved is non-normal and asymmetric,with a fat left tail.

This is the Zpg Dickey-Fuller distribution.

The Tpr — test statistic taken from(3:3.10) is actually the ordinary least
squares (OLS) t — test statistic. Although»the"tpr — test statistic is calculated

in the usual way, it does not have a fimiting Gaussian distribution when the

true process is characterizedby /the unit root hypothesis of p=1 as Figure
(A.7) in Appendix A ‘shows. More specifically, is shifted to left of the

standard normahdensity.T his is the Tpr Dickey-Fuller distribution.

! This"density.is actually a kernel estimate of the density of ,13T on the basis of 10,000

replications of a Gaussian random walk yt = y,[_1 +8t , t=0,1, ... , 1000 , yt =0
for t < 0. The kernel involved is the standard normal density, and bandwidth

h :031000_1/5, where s is the sample standard error and ¢ = 1. The scale factor ¢ has
been chosen by experimenting with various values. The value ¢ = 1 is about the smallest

one for which the kernel estimate remains a smooth curve, for smaller values of ¢ the kernel

becomes wobbly. The same holds true of the density of the studentized ﬁ.l. coefficient.

The densities that will be considered in the other cases have been derived with analogous

way.
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Case 2

Assume that the true process that generates the data is driven by the following

unit root process which is often called driftless random walk:

Ye =YVt_1 74

where yo = 0 and & ~ i.i.d.(0, 6°) and that the estimated equation is given by

the form:

yt =(Z+pyt_1+8t

Then, looking at the least squares estimators

i -1
1 R s
Py T 4y 2
2(5 _ _ t-1 T g
T ((aT ;)) =| 4 1 25
Thr-9 | | =5 - 15y s
T T 2%y T Zzytz_l LYt _1%

for the normalized least squares estimator, /3T , we have that:

1 2 1
E{WV(l)] —B-W @)W (r)dr
0 (3.3.11)

ZDF :T(,é.l_ -1) L > . ) 5
I[\N(r)]zdr{fw(r)dr}
0 0

and for the studentized least squares estimator, [)T , we have that:
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1
;{[W(D]Z 1l wwndr

pr -1 |
_T N 0
TOF =4 > ] (3.3.12)
T L1 212
JW(n)]“dr—| W (r)dr
0 0
-1
T R 0
where 6125 :s.lg[o 1{ '[21] L}
T Y1 2V
and $2 = L5 (y, ~ar —pry,_)°
T T-2 t T T7t-1

Again result (3.3.11) allows the point estimate /ST to be used by itself to test

the null hypothesis of unit root existpess, that is p=1, without needing to

calculate its standard error.

Moreover, the asymptotic distribution of the estimate [)T is not the same

as the asymptotic distributionyin/(3.3.9) when a constant term is included in
the estimated equation. This conclusion also holds for the Tpr — test statistic.

The density, of thesZpr — test statistic under this case is displayed in
Figure (A.8) in Appendix A and compared to Figure (A.6) we can see that is

farther| left of zero and has a fatter left tail. Figure (A.9) in the same
Appendixm=shows the density of the tTpr — test statistic under this case
compared to the standard normal density. We can see that the density of the
Tor — test statistic is shifted even more to the left of the standard normal
density than in Figure (A.7).

Statistical tables for the distribution of Zpr — test statistic and of Tpr —

test statistic under various sample sizes for this case are reported in Tables

(B.1) and (B.2) in Appendix B, respectively.
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Case 3

Assume that the true process that generates the data is driven by the following

unit root process with drift term which is often called random walk with a

drift;

yt :a+yt_1+gt

where yo = 0, {e}~ i.i.d.(0, 6% , a=#0 and that the estimated .equatiofi™is

given by the form:

yt =0(+pyt_1+8t

Then, looking at the least squares estimators:

1

3

it holds that :

TZ(dT ~a)

T2(r D)

1
TZ(&T—a)
3
205 _
T<(p; -1
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1 &

2

where Q= )
a o

2 3

As can be noticed, both estimated coefficients are asymptotically normally
distributed. So, any t-test involving any coefficients from this regression can
be compared with the usual t-tables.

Case 4

Assume that the true process that generates the data is driven by the following
unit root process with drift term which is often called=random walk with a
drift:

yt =0{+yt_1+6‘t

where yo = 0, {&}~ i.i.d.(0, 6% and“that the estimated equation is given by
the form:

yt:a+pyt_l+é’[+g (3.3.14)

t

Then, if a =0, we can rewrite the equation (3.3.14) as:

Y, = (1—p)a+p[yt_1—a(t—l)]+(5+pa)t+€t —a +,o*gt_1+5*t+gt

(3.3.15)

*

* *
where o =(1—p)a, p =p, 06 =0+pa ,and gt:yt—at

The maintained hypothesis is that:

a=a

0" p=1,0=0
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which in the transformed system would mean that:

we have that :

W ()
* é{[vvm]2 f
1
W (@) - [W(r)dr
0

3

_3
2
T 39, 4

2 —2< .2
T th_l Tngt_l

T

T 23ty

1

1
JW (r)dr
0

N~
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T 23t {1
5 T, 2,
= 9
R T e B
3
T 35t2 T 23te,
1 -1
[W (r)dr 1
0 2
1 , 1
[W()]edr [rw(r)dr| *
0 0
1 1
JrW (r)dr =
0 S
(3.3.16)




As can be noticed, /3; which is the OLS estimate of p based on (3.3.15)

is identical to /ST , the OLS estimate of p based on (3.3.14).
Thus, the asymptotic distribution of the Zpf = T(ﬁ.l_ —1) test statistic is given

by the middle row of (3.3.16). As we can also see, this distribution does not

depend on either o or a, no matter whether or not the true value of a is zero.

For the studentized least squares estimator, /ST , we have that:

The asymptotic distribution of the denominator, TZ&/% , Is given by:
T
— 1 1 __1
1 JW (r)dr =
O 2
1 (| 0
[0 180] fw(r)dr [Ww(n)]edr [rw(r)dr| |1|=V
0 0 0 0
1 1 1
= [rW (r)dr =

whereas the asymptotic distribution of the numerator, T(,a.l_ ~1), is given by

the middle row of K. So, we get the limiting distribution of the tTpr — test
statistic by diving the above two limiting distributions V and K. Again, this

distribution does not depend on a or c.
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The densities of Zpr and Tpr — test statistics under this case (the latter
compared with the standard normal density) are displayed in Figures (A.10)
and (A.11) in Appendix A. Again, these densities are farther to the left and
heavier-tailed compared to the corresponding densities in Figures (A.6)
through (A.9).

Statistical tables for the distribution of Zpg — test statistic and of Tpg —
test statistic under various sample sizes for this case are reported in Tables

(B.1) and (B.2) in Appendix B, respectively.

3.4 REMARKS ON THE DF - STATISTICS

As we noticed from the previous results, the asymptotic distributions of
the standard Dickey-Fuller unit root test statistiCs under the null hypothesis of
a unit root depend on whether or not a constant term or a deterministic time
trend is included in the estimated equation as well as on the form of the
assumed data generating process. Another important comment on the standard
Dickey-Fuller unit root test statistics is that they have been derived to
distinguish between unit roet processes, or equivalently, random walks and
stationary AR(1) processestaround a constant or linear time trend with the
latter being rather simple“processes for characterizing time series encountered
in practice when‘the unit root hypothesis is rejected.

Note also that the Dickey-Fuller unit root test statistics are actually t- and
F- test Statisticg with critical values simulated by Dickey and Fuller.

Readers who are interested in getting further insight into the proofs of
Dickey-Fuller unit root test statistics should referred to Hamilton (1994,
chapter 17, p.475-543).
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3.5 ASYMPTOTIC PROPERTIES OF THE AUGMENTED
DICKEY-FULLER (ADF) STATISTICS

The assumption that the error process in the equation:
Yp=dp + ¥y 14

where di = 0, di = a (constant) and d; = a+dt (linear timg “trend), is
independent identically distributed is quite unrealistic _for time “series
encountered in practice. When the error process {&:} IS correlated, there is a
need to either change the estimation method (adopt ‘amother estimated
equation) or modify the test statistics to obtain cansistent estimators and test
statistics.

Dickey and Fuller (1979) and later Said and Dickey (1984) used the first
approach of changing the estimated [equations. In particular, Dickey and

Fuller (1979) considered the case ofitesting the unit root hypothesis that p =

1 in the above equation under, the “assumption that the error process {&i}
follow an autoregressive process, say AR(p) with p > 1, the order of which is
required to be finite and,correctlyspecified and Said and Dickey (1984) under
the assumption{that the error process {&} follow an autoregressive moving
average process, say ARMA(p,q), the order of which is not required to be
finite and correctly specified given appropriate conditions for it. Having in
mindy,the above equation, the Dickey-Fuller’s assumption that the error
process follows an AR(p) with p>1 process covers the case in which Ay; is a
stationary AR(p) process under the unit root hypothesis against the alternative
that y; is an AR(p+1) process. Before starting deriving the unit root tests
under the Dickey-Fuller’s assumption for the error process, let us see an
alternative representation for the autoregressive processes.

Suppose that the true process that generates the data satisfies the

equation:
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(3.5.1)

where {gt }~ i.i.d.(0, o%) with finite bounded fourth moment. We will write

the autoregression (3.5.1) in a different form. To do so, we define:

P=P+Pyted @ (3.5.2)

P

é’j=—(g0j+l+(pj+2+ ..... .+¢p) for j=123,...... =1 (3.53)

So, we have:

(1—pL)—(§’1L+§’2L2+ ...... e le_lj(l—L):

L-pl- gL+ L2 -2+ 13— _1Lp_1+.§ P =
1—(P+§1)'-—(§2_51)'-2_(53_52)'-3_ """ _(gp—l_5p—2ij_1_(_§p—1ij:
1—[((01+(02+....+(pp)—(¢2+q03+ ..... +gop)L—

‘[—(% + @, +----+(0p)+((p2+(p3+ ..... +(pp)]L2— ....... —
_[_ q)p +((/)p_l +¢)p)]|_P—1 _(l)p LP =

1-pL—p, L7 — 307 ~p, L —p L
(3.5.4)
Thus, the autoregression (3.5.1) can be written as:
{(1—,0L)—(§1L+§2L2+ ...... o Lp_l)(l— L)}y - (3.5.5)
p-1 t 7t
or
Yi = Yy 1+§1Ay,[_1+§2Ayt o e +§p 1Ay,[_ p+1+gt (3.5.6)
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One of the advantages of writing the autoregression (3.5.1) in the form of
(3.5.6) is that under the hypothesis of a unit root only one of the regressors in
(3.5.6), namely vyi1, is [I(1), whereas all the other regressors

(Ayt_l,Ayt_z, ..... 'Ayt—p+1j are stationary. Since no knowledge of any

population parameters is needed to write the process in this form it is
convenient to estimate the parameters by direct application of the ordinary
least squares (OLS) procedure.

Let us now define the true process that will generate the (data in this
section as well as the appropriate estimated equation for.theseonstruction of
the tests concerning the unit root hypothesis.

Assume that the true process that generates the data has the fellowing form:

Y :dt ¥ _q Yy (3.5.7)
2+....nput_ 0 + &

where the error process u; follows an AR(p) process that has independent
identically distributed innovations of finite bounded fourth moment. We are

interested in testing the null hypothesis of a unit root that p = 1 in the
equation of the'form (3.5<7) which implies that the difference series Ay; follows a
stationary AR(p) process against the alternative that p < 1 which implies that

the series y; follows an AR(p+1) process.

The equation’of the form (3.5.7) is equivalent to the equation of the form:

yt:dt+(p1yt_l+(p2yt_2+ ........ + ¢p+1yt—p—1+gt

where
P =Pt
¢, = ni —pni_1 for 1=2,3,.....,p
Ppi1= PPy
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with the latter being also equivalent to the equation of the form:

yt:dt+pyt_1+§1Ayt_1+§2Ayt_2+ ....... +4 Ayt_ +& (3.5.8)

with the parameters p and {i being equal to those specified in (3.5.2) and

(3.5.3) respectively.

The last defined equation (3.5.8) which includes lagged changes in the
dependent wvariable y; is the so called Augmented Dickey-Fuller
autoregression and the test statistics concerning the unit root_hypothesis 4n
the equation defined in (3.5.7) are the so called AugmenteduDickey-Fuller
unit root test statistics.

We are ready now to generalize the results of the previous section under
the four different cases when the estimated equationyis written now in the
form of (3.5.8). Before starting doing that, we Wwill 'give a second proposition
taken by Hamilton (1994, p.505) which itsuresults are useful for constructing
the limiting distributions of the Augmented Dickey-Fuller unit root test
statistics. Again, its proofs are not given as it is not in the scope of this thesis.

Proposition B

o0 o0
Let u, =y (L)e, =" .c, .,where Yjlw.|<o and {e} ~i.i.d(0, ¢?)

with finite fourth moment.

Define:

§tzu +U, + e, +Uu for t=1,2, ..... , T

68



with &, = 0. Then,as T — wo:

1
a) T ZZut L awa

1

-5 1 5
b) T zut—jgt —)N(0,0' 70j

c) T_lZutut_j—p>;/j for j=1,2, ...

_ L (1
d) T 1z§t_1gt ——)[Ejaﬂ,{[\N(l)]Z —1}

e) T_lzft_lut_ J —L) lj{jbz[\/\/(:l-)]z _7/0} for J =0

1 L (1 {,12 2 }
T th_lut_j—’ Ej [\N(l)] _?/O +70+7l+ """ +7j_1
for j=1,2, ...
3
—_ L l
f)y T 22§t_1——>MW(r)dr
0
3
— 5 L l
g T ZZtut_j—n‘t{W(l)—jW(r)dr} for j=0,1,2,......
0
_2e,.2 Lot o
hy T °x& | ——A7[Wm]dr
0
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5

1
) T 23te s Afrw(r)dr

0

1
T 3xee2 s 2w Par
0

(v+1)2tv_)i forv=0,1,2,......

Ky T
v+1

We are now in the position to generalize the results of theyprevious section

under the four cases when the estimated equation is in theyform, of (3.5.8).
Case 1

Assume that the true process that generatessthe data satisfies the equation of
the form (3.5.8) with di =0 and p=1

Yi =614Vt _1 + oAy 2 +§pAyt_p+yt_1+gt
and that the estimated equation is given by the following form:

yt:g“lAyt_l+§2Ayt_2+ ..... .+§pAyt_ T T E

Y

where {&}~ i.i.d.(0, o%) with finite and bounded fourth moment and the roots

of
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vector of estimated OLS coefficients on the lagged changes in y, and let £ be
the corresponding true value. Then, for the normalized least squares

estimator, ,5.|_ , we have that:

, T(f?T ) L \;{[W(l)]z ‘1} g
DF ~1_/ 2 ? "1 (3.5.9)
1y r =& p = e 5
1T =27 p,T W (r)]¢dr
0

and for the studentized least squares estimator, /3T , weghave, that:

51 WP

_T N
DE = Y > ] (3.5.10)
F N
T 1 2
{J[W(r)]zdr}
0
where
-1
T
~2 2./ /
o =57e > XX e
Pt p+1{t_ o+1 t t} p+1
in which

and ep+1 denotes a (p+1)x1 vector with unity in the last position and zeros

elsewhere and
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st =(T-p 2 Wt TAY 1 Sp, Tt —p~PTYt-1
t=p+1

Case 2

Assume that the true process that generates the data satisfies the equation of
the form (3.5.8) withd; =0 and p=1:

yt:é/lAyt_l'Fé/szt_Z'i' ........ +§pAyt—p+yt—1+gt
and that the estimated equation is given by the followingsform:

Yi :glAyt_l+§2Ayt_2+ ..... .+§pAyt_ + Ry, Ny & (3.5.11)

p

where {&}~ i.i.d.(0, o%) with finite andsounded fourth moment and the roots
of

vector of estimated )OLS coefficients on the lagged changes in y, and let ¢ be
the _corresponding true value. Then, for the normalized least squares

estimatar, ,b.l. , we have that:

. 1{[W(1)]2 —1}—W<1)}W(r)dr
7 T(p.l. _1) L 2 0
DF “1_F ¢ __ ¢ " ) 2
ot a JM(r)]zdr—[fwmdr}
0 0

(3.5.12)
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and for the studentized least squares estimator, /3T , we have that:

1
LR -1 wawn

proloL 0
y. -
T 1 , 1 2|2
JwJdr - fw(r)dr
0 0
where
T -1
~2 2./ /
o% =sTe > XX e
Py p+2{t:ij2 ttJ pat- 2
in which

and ep+, denotes a (p+2)x1 vector with unity in the last position and zeros

elsewhere and

Case 3

Assume that the true process that generates the data satisfies the equation of
the form (3.5.8) with an included constant (d; = ) and p =1:

yt:é/lAyt—1+é/2Ayt_2+ ........ +§pAyt_p+a+yt_1+8t

and that the estimated equation is given by the following form:
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yt=§1Ayt_1+§2Ayt_2+ ..... .Jr./,”pAyt_ tatpy g té

p
(3.5.14)

where {&}~ i.i.d.(0, o?) with finite bounded fourth moment and the roots of
772 _ P_
(1 g”lz (22 ....... ¢z j =0

are outside the unit circle.
The estimated equation of the form (3.5.14) is equivalent®to (the following

transformed specification:

(3.5.15)

where o :Ayt—w and w= “

t 1= 45 %S

. . . . /
Let 7] :E(a)ta)t_j) and éVT :(51,?42,? ....... gp,Tj be the px1 vector

of estimated OLS coeffiCients of (wt—l’wt—Z’ .....

to the coefficients“of (Ayt_l,Ayt_

equatian. Now, if p=1and « =0 , we have that:

where

1
g [T
1 vioo ol [
12 1) of 1 2, (3.5.16)
3 ;ou w2 L
TZ(AT _1) _O 2 ?_
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) ) 70 7  Tp_2)|
72 y y
l, o] |v 0 o 1 0 p-3
L, | ~N/|oe?0" 1 % and V= '
) - 7p-2 7p-3 - Yo |

As we can see from (3.5.16), ,[)T converges at rate B2 to.a Gaussian
variable and all the other estimated coefficients cofvergé atirate T2 to
Gaussian variables. So, any tests involving the abowe ceefficients of the
estimated equation of the form (3.5.14) can be compared with the usual
Tables.

Case 4

Assume that the true process that generates the data satisfies the equation of

the form (3.5.8) with an included eonstant (d; = o) and p =1:
yt:é/lAyt—1+é/2Ayt_2+ ........ +§pAyt_p+a+yt_1+8t

and that the estimated equation is given by the following form:

yt:g“lAyt_l+§2Ayt_2+ ..... “LéVpAyt— +0:+,oyt_1+é’[+gt (3.5.17)

P

where {e}~ i.i.d.(0, 6°) with finite bounded fourth moment and the roots of
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are outside the unit circle. The estimated equation of the form (3.5.17) is

equivalent to the following transformed specification:

* *
Yi —g”lcot 1+§2a)t o o +§pa)t_p+w +pmt_1+5 t+gt (3.5.18)
where =Ay, —w and w= @ and w == pw and
“r = 1-¢) = = $p 1-r)

. . . . /
Let 7| :E(wtwt—j) and g_l_ :(gl,T’ng’ ....... gp,T) be the px1 vector

0,

of estimated OLS coefficients of (a)t b

L@ g pj which are identical

to the coefficients of (Ayt_l,Ay ,Ayt_ pj in the original estimated

j

AT
equation. Now, if p=1and =0, and Wi = g we have
1= =Ly =)
that:
1 | 4 v 0 0 o 1
Tz(fT ~¢] of 1 i}W(r)dr 1 1
1 0 2 oW (1)
2w L 1 1 1 1 /”L{W 1 2_1}
A ) —o/ Ajw(rdr 2[w@nRdr Afrwndr | 2 W]
Tl -1 0 0 0 1
3 L 1 L W@ - w(rr
DA 0 > A[rW (r)dr 3 i 0
) o J

(3.5.19)

where I1~ N(O,azvj and V has been defined in the previous case .

From (3.5.19) we can deduce that:
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1
T2 (éT —C)—L>N(0,GZV_1) (3.5.20)

For the normalized least squares estimator, ,5.|_ , we have that:

_ T(/ir _1) L
ZpE 77 : : >
~Sip—Cpp e 401
— 1 1 __l_ T
1 [W (r)dr 5
1 0 1 W
0 1 o]l wmdr [WmPdr [rw(r)dr %{[\N(l)]z —1} -B
0 0 0 1
L twear Lo Wo- wenar
2 0 3\ ™t 0 |

(3.5.21)

and for the studentized least squares estimator, /3T , we have that:

S S N
DE = 3
N 1G]
where
— 1 1 __1
1 [W (r)dr =
9 2
1 1 1
Q=[0 1 0]l jwmdr [W()2dr [rw(r)dr| |1
0 o1 0
1 [rW (r)dr 1
%2 0 3
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3.6 REMARKS ON THE ADF — STATISTICS

The assumption that the error process in the simple autoregression is
uncorrelated (i.i.d. or White Noise) is too restrictive for the real world. A
major reason is that it is hard to believe that when the standard Dickey-Fuller
test statistics reject the unit root hypothesis the stationary AR(1) process with
or without a constant or a linear time trend describes well most of the
economic and financial time series in practice. Another important reason is
that if we allow for the error process to be serially correlated, for example.to
be an AR(p) with p>1 process, the standard Dickey-Fuller mnit feot test
statistics are not any more valid. Dickey and Fuller (1979) approached the
latter more realistic case by modifying the simple autoregression and got
valid unit root test statistics, the so called Augmented Dickey-Fuller unit root
test statistics. The latter case is actually covers the case in which the
difference series follows a stationary AR(p) process around or not a constant
or a linear time trend under the hypothesis ofia unit root whereas the series
follows an AR(p+1) process under the alternative.

As can also be noticed, themasymptotic distributions of the Augmented
Dickey-Fuller unit root test Statistics are identical to those of standard
Dickey-Fuller unit root test,statistics. The reason behind this result is that in
the regression of{ I(1) wariable on 1(0) and I(1) variables, the asymptotic
distribution of the,ceefficient of 1(1) and I(0) variables are independent
(G.S.Maddala and tn-Moo Kim 2002).

Farthermore, the unit root test statistics proposed by Dickey-Fuller are
baSed “onufipite-order autoregressive error processes, the orders of which
assumed_to be known. This assumption rarely holds in applied time series
analysis and for this reason suggestions in selecting the unknown but finite p
are needed. The last fact motivated Said and Dickey (1984) to extend firstly
the Augmented Dickey-Fuller unit root tests in the general class of
ARMA(p,q) error processes covering actually the case in which, under the
hypothesis of a unit root the series of the first-differences are of the general
ARMA(p,q) form with p and g unknown and secondly to show that there is no

need to have exact knowledge on the parameters p and q if some specified
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conditions hold. These issues are of great importance and are going to be fully
analyzed in the next chapter.
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CHAPTER 4

UNIT ROOT TESTING UNDER ARMA
ERROR PROCESSES

4.1 INTRODUCTION

The standard Dickey-Fuller (DF) unit root testing{preeedures assume
independent identically distributed errors and the Augmented Dickey-Fuller
(ADF) unit root testing procedures take into account the “possibility of the
serial correlation of errors. In particular, they allow for the serial correlation
to belong to the wide class of autoregressive (AR) processes and actually
cover the case in which, under the hypothesis\of a unit root the differenced-
data (Ay:) follow a stationary AR(p)process while under the alternative the
data themselves (y:;) follow an_ AR(p+1) process. A key shortcoming for
applying the Augmented Dickey-Fuller unit root tests is that the practitioner
must have prior knowledge about the order of the error process, knowledge
that is not possiblg’ to get in‘practice since the true mechanism that generates
the data is in most cases unknown. In fact, if we knew that the error process
follows an AR proeess with a known order p, then the order of the Augmented
Dickey#Fuller autoregression should be set to the value of p before applying
thedunit root testing procedures.

The Augmented Dickey-Fuller (ADF) unit root testing procedures were
later extended by Said and Dickey (1984) to allow for the serial correlation to
belong to the general class of autoregressive moving average (ARMA) error
processes and cover the case in which, under the hypothesis of a unit root, the
series of the first-differences are of the general stationary ARMA(p,q) form
with p and q unknown while under the alternative the data themselves follow
an ARMA(p+1,q) process. More specifically, in the case where the error
process includes moving average components, they showed that the
Augmented Dickey-Fuller autoregression is still valid for testing the unit root
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null if the number of lagged terms of Ay; introduced as regressors increases
with the sample size at a controlled rate T**. Essentially, the moving average
error terms are being approximated by including enough autoregressive terms.

In this Chapter, we present Said and Dickey’s results. It is possible to
approximate an ARIMA(p, 1, q) process by a truncated autoregression (which
is actually the Augmented Dickey-Fuller autoregression with an infinite
order) whose order is a function of the number of observations T. Using the
least squares procedure to estimate the coefficients in this autoregressive
approximation produces test statistics whose limiting distributions{are the
same as those tabulated in Chapter 3 and proposed by Dickey and Fuller
(1976, 1979). Thus, it is possible to test the null hypothesiswef a»unit root
without knowing p or g.

This Chapter is organized as follows. In section 4.2, we present the Said
and Dickey’s key results for testing the hypothesis ‘of a unit root in data
whose innovations exhibit all sorts of dynamies best represented by some
ARMA(p,q) process. Then, in section 4.3wwe present Said and Dickey’s
modeling approach to this specific and ofygreat practical interest unit root
hypothesis testing issue. Section 4.4 is concerned with an extensive
discussion on the Said and Dickey’s key findings. In the end of this Chapter
we give an Appendix that.is tvelved with some key mathematical proofs on
Said and Dickey’s/ modeling approach in order their development to be more

understandable.
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4.2 SAID AND DICKEY’S KEY RESULTS

Said and Dickey (1984) considered the following process with the serial

correlation in errors described by:

Yt =Yt -1 Ut fort=1,2,3,......
and
P g
Ut :_zfiut—i +é&p + _Zlﬁjgt_j fort=.,..,-27190,1,2,....
| = J:

(4.2.1)

and it is assumed that {u} is a stationary/and invertible ARMA(p, q) process
with p and g unknown, yo = 0 and.{e} ~ i.i.d.(0, ¢%) with finite fourth
moment. In the case where the true mechanism that generates the data is

assumed to satisfy the general process of the form (4.2.1) it holds that, if p <
1 then {y:} ~ ARMA(p+1,0) whereas if p = 1 then {y:} ~ ARIMA (p,1,q).
The null hypothesis to be tested"is that of p=1. Notice that, under the null
hypothesis thatje =lgthe process of the form (4.2.1) can be written in the

form:
o0
i=1
where the coefficients cji (1=123,...,) are appropriate functions of the

parameters 4, 0j,i=12,..,p, ] :1,2,...,q}.

Under the null hypothesis that o =1 it also holds that:

Ut =¥t —Yi—1 =A%
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Said and Dickey (1984) proceeded with estimating the coefficients in
(4.2.2) under the unit root hypothesis by regressing the data of the first-
differences Ay; on Vi1, AYi1, -..... , Ayrk Where k is an appropriately chosen
integer since there is no knowledge about p and g and it is impossible to
estimate an infinite number of parameters from a finite sample of
observations T. More specifically, Said and Dickey (1984) have shown that to
account for the time-dependence of the general ARMA(p,q) form in the errors
under the unit root null, one can augment the regression of the form (4.2.2)
with, say, k lagged terms of Ay;:

Kk
Ayp =coYr—1+ ZSiAVt—i+ ek (4.2.3)
i=1

The purpose of the number of the lagged termssof Ayq.i"included in the above

equation is to ensure that the innovations{gtk t:1,2,....,T} will behave

approximately as independent identieally distributed. Then, they proved that
in order to get consistent estimates of the coefficients and test statistics it is
necessary to let k be a function, of the number of the observations T. They

actually gave the following,twe,conditions for the above purpose:

3
(A1) k?—>0 and, kK 500 as T —

(A2)“theresexists ¢ > 0 and r >0 such that ck > TY", meaning that k is

bounded below by a positive multiple of T*" for some r > 0 .

In this case, the limiting distribution of the tpr —test statistic for the
coefficient on the lagged dependent variable y;.; considered in Chapter 3 and
is the basis for testing the unit root hypothesis have the same tTpg-Dickey-

Fuller distribution as when the errors are independent identically distributed.
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The last result extends naturally to the inclusion of deterministic
components in (4.2.1). In that case the Wiener (Brownian Motion) process is
replaced by its detrended counterpart.

This second condition is actually a lower bound condition that restricts k
to be at least a polynomial rate in T and its role is to force k to be large
enough that the truncated autoregression of the form (4.2.3) is a good
approximation to the autoregression of the form of (4.2.2). We will see that
(A2) enters the analysis only when considering the stationary lagged terms
AVYt.i.

In practice, Said and Dickey (1984) showed that it would be 'sufficient«to
increase the number of lagged terms on Ay, as a function-efrthe sample size,
at a rate no faster than T3, This does not suggest, howeverpwhat should be
the appropriate value of k in a given application. This is no trivial matter.
Choosing too small a k will distort the size (significance level) of the test
statistics. Choosing too big a k will reducedthey,degrees of freedom and the
power of the tests, which will too often lead*falsely to the non-rejection of the
unit root hypothesis. So, selectiongmethods are needed for choosing the
appropriate lag number k to be,included in the autoregression of the form
(4.2.3) provided that these selection methods must satisfy the Said and
Dickey’s conditions. These issues are going to be fully analyzed in the next

sections.
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4.3 SAID AND DICKEY’S MAIN STEPS IN THE PROOFS

Said and Dickey (1984) first considered the case where the errors belong
to the simple stationary and invertible ARMA(1,1) process with normal
innovations and then extended to the more general case where the errors
belong to the stationary and invertible ARMA(p,q) processes of unknown
order and with independent identically distributed innovations.

We will present the Said and Dickey’s approach to the already mentioned
unit root hypothesis testing problem in the case where the errors follow., a
stationary and invertible ARMA(1,1) process and then the, extension, to the
general case where the errors follow a stationary and invertible, ARMA(p,q)
process of unknown p and g case comes up naturally “with analogous
statements.

Assume that the true mechanism that generates the data is given by the

following equation with the error process described by:

Yt = At —1 ¢ fort=1,2,3, .........
and
Ut = dlpq + & +0Op _q fort=..... ,-2,-1,0,1,2, ...

(4.3.1)

and it is assumed that | ¢ | <1, |06|<1,yo=0and {&} ~i.i.d.N(0, 6°) with
finite fourth moment. If p <1 then {y:} ~ ARMA(2,1) whereas if p =1 then

{y:} ~ ARIMA (1, 1, 1). The desired unit root hypothesis that p=1 and will
be tested. Under the null hypothesis that p =1, the process of the form (4.3.1)

can be written in the form:

Yt =Yt -1 =(P—l)yt_1+(¢+t9)(ut_l—6ut_2 +¢92ut_3—......)+gt

or
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0.0]
i=1

where (o = p—land § = (@+0 )(-0)"",i> 0.
Under the null hypothesis that p =1 it also holds that:

Ut = Yt —Yi—1 = A

Said and Dickey (1984) proceeded with estimating the cogfficients in
(4.3.2) under the unit root hypothesis by regressing the data of, thewfirst-
differences Ay; on yi1, Ayt ,...., Ay where K is an' appropriately chosen
integer since it is impossible to estimate an infinite/ numbher of parameters
from a finite sample of observations T.

Letting {o = p—1and {; = (9+0)(-0)""! , i > 0, bé the coefficients in (4.3.2) and

truncated version of (4.3.2) under the unit root-hypothesis is:

Kk
Ayt Z€oW S+ 2SiMVt—i * ik (4.3.3)
i=1

Notice that the truneated innovations,{gtk t:1,2,....,T}, are not independent

identically distributed random variables for any k. In fact &y = Ay; —Ut/g”. If

we define 5=(4;0T'€£1T’ ....... ,/;kT) to be the vector of the estimated

coefficients in the truncated autoregression of the form (4.3.3), the OLS
deviation of the estimated coefficient vector ¢ from the true-valued

coefficient vector C is given by the formula:
-1
¢ —4){ZUtUt’ J [Zut‘gth (4.3.4)
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where Y denotes hereafter summation over the observations t = k+1, ...., T.

Consulting the rates of convergence for this case in order to get statistical
meaningful test statistics and limiting distributions, we define the beneath

(k +1) x (k +1) diagonal matrix:

Dy :diag{(T—k)_l,(T—k) V2 r_xy Y2 . (r-k) 1/2} (4.3.5)

We also let Dt(1) be the first diagonal element of the diagonal matrix D+ and
D+(k) be the lower right (k xk) block of Dr.

Pre-multiplying equation (4.3.4) by D.Fl we have that:

o7 ¢ ~¢)= (OrRoDr )17 £Uge) (4.3.6)
where
2 /
X
0 =ZUU t 2Vt 2 h (4.3.7)
LY X 2 XX
and
T-k325y 1x,  T-k7Im
where
_ /
My =3 X; Xt

We also let Ro(1) be the first diagonal element of the matrix Ro. Using also

the beneath definitions of: yu(i—j)zE(ut_iut_j), which denote the

autocovariance function of the stationary series uy, rij =7u (i-j), where I is
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a kxk matrix, ' ={p, @7y @)y K)}, W =g +e,+.te, and the

block diagonal matrix R = diag{(l—¢)_2(1+ 0)2(T —k)_zzwtz_l,l“}, we are in

the position to present some useful findings of Said and Dickey (1984) that
are involved with the notion of || . || to signify the usual Euclidean norm.
These are going to be presented in terms of five steps in order to be
simplified.

Let us reconsider the formula (4.3.6) in order to prove firstly the

A

consistency of the least squares estimated coefficient vector ¢ :

Step 1: Asymptotic equivalence of DtR¢Dt and R

DT_l(é2 —§)= (D RoDy J 1D SU ey )= (D'FlRalD'Fl)(DT YUek )=
[DT_lR(TlDT_l “RTHs R_l)(DT SUpey )=

Ap-1n-1_ -1 1
(DT Ro"Dr™—-R XDTZUtgtk)+(R DTzUtgtk)

Taking now the usual Euclideamynorm of both sides above we obtain:

I 07 HE ~ ¢ )11 (B RoDREHDr ZU ey I (DT_1R51DT_1)(DT >Upey)I-
| [DflelDT‘l SR+ R_l)(DT YUy )=

I (DR D7 R D1 T e )+ R D1 XU s i
I BriRgtoE - R )il (Br S Ucew )l + IR (Or S Ueqe )

Said and Dickey (1984, p.601-603) proved that:

K2 (D{lelDT‘l - R‘lj lcop@ and [R™YI=0,0)
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3
under the condition k?——>0 as T——o0, where op(1) and Op(1) denote

convergence to zero and boundness in probability, respectively, as their next

Theorem and Lemma claim:
Theorem 1

1

Under the assumptions of the process (4.2.1) with p=1 and T 3k 2.0

(notice that this is the first part of the condition (Ad)), (it, holds that
1

k2 brirglprl-R~1 =0, @).

Lemmal

Under the assumptions of the process (4.2%4) with p =1, ||[R™||=0,(1).

Step 2: Consistency of ¢ =(§O T CLT el k T)

It now remains fo0 consider the term (Dy XUey ), which is actually the

second term of (4.3.6), in order to find its order. Said and Dickey (1984) gave
the following Lemma that is concerned with it:

Lemma 2

Under the conditions (Al) and (A2),as T — «:
2 1D:3U, (e, —2 Jl-0_ @Y
T="t %k “t p

1
_ 2
b) IDp 32U,z =0 (k2)

89



1
0 (k2
©) 1D XU ey -0 (k2)

Proof: See Appendix of Chapter 4
The above mathematical proof is actually based on the second part of the

condition (Al) as well as on the condition (A2). Through Lemmas 1, 2 and

Theorem 1, Said and Dickey (1984) proved the consistency of the least

squares estimated coefficient vector ¢ as the next theorem claims;

Theorem 2

Under the assumptions of the process (4.3.1)qwith o =1, it holds that

I £ = ¢ | —P—0 under the conditions (A1) arfél (A2).

Proof: See Appendix of Chapter 4

To summarize, Said and Dickey (1984) proved that in order to get
consistent estimates of the“eoefficients and test statistics it is necessary to let

k be a function of|the number of the observations T. Let us now consider the

found by writing:
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(T -2 00 -¢ () = (Or (WM DT (k) HT —K) T 2E Xy =
R*_l(T —k)_llzZXtEtk _ (R*—l_r—1+r—l)(|- —k)_l/ZZ Xiétk =
R -1 T - 2T Xy + 17T -0 2T Xy =
R _r Y-y Xtk srim o2y Xilew —& +&p) =
RTI-rHT k)23 Xgy +THT —k) 23 Xy +

AT -2 X (e —&1)

where R™* denotes (D+(k)MyD+(k))™.
Taking now the usual Euclidean norm of both sides above we obtain:

1T =020 -0 -

IR =TT =) ™2 Xyag +T7HT =)™ 230 X +

P K2 Y X (e —20) I

IR™H =TT =23 Xy 1+

ITL T K23 Xee 1+ 1T R KIRY 2 X, (e —0)
=0,M+0,kY?)+0,0H e

1 £0) =< () I=0p (T H2) +@p (KMPT 2 10, (T732) =0, (172 =

JT(E(K) - (k) =0p@® for i=1,2,3,...,T.

consistent under both conditions (Al) and (A2).

Step 4: The coefficient 420 T is T - consistent

As far as the rate of convergence of the estimated coefficient §AOT is

concerned, it holds that:
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T -K)Co,1 ~<0) = (O ORy @D W) 2T )1y _gey =

RTIT -0 ey o =R =R R YT -0 Dy gy =
(R -R™HT ) Ty _geg +RIT-K T Ty gy =
RTTIRYHT -0y geg +RTIT -0 Sy (e — e +ep) =
R™-R DT - yigew +RET K™Y yeoge +

RAT =K yea(ew — &)

where R™! denotes (D7(1)Ro(1)D1(1))™.
Taking now the usual Euclidean norm of both sides above we obtain:

I (T -K)(So,T ~<0) I

IRT=RHT - ™Y yigen +RIT -K) Y 9 8+

RUT k)Y yealew — &) <

IR™ =R T =KX yeogan I+ LR MNT =) ™Y yege 1+
IR =KX yeoa(ew —e0)

=0, +0, (k"% +0,) =

I éor —<o =0, T H+0,k “Te +0,(T =0, =

T(Co,T —€0)=0p®

meaning that 920 T Is T-consistent under the condition (Al), whether or not

the lower bound condition (A2) is satisfied.

Step 5: Asymptotic convergence of fo T — ¢ to the DF- distribution

Their next step was to derive the limiting distributions of the Dickey-Fuller

unit root test statistics. The first element of Dfl(f—g) is:
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(T—k)pr -1 )Z[( k)_zzytz—l}_l(-r_k)_lzyt—lgtk

Using the beneath lemma:

Lemma 3
For T - o0:
Le0? 3
1 2 1+6 2 2
) - yIW+0 (T 2)
-k gt
) L.y ! 5 +0 7Y
(T k) Y1 = (T -k) Y15
1
1 1 (1+9) By
VTPt T T e s -1 0T

along with the definition of Dickey-Fuller®(1979) for the random variables

L 2,2 & 2| 1 o
(T',§) where T'= Y o Zi and, =" > a)iZi 5 where Z; ~i.i.d.N (0,1)

and o, :(—1)”1{ 2 } and their proof that:

(2i —1)r
(0?17 25W2 0T 5w _pa ()

they showed that the distribution of T™'¢ is the same as the limiting

distribution of;:

(L-g) L+ o)T - K)o -1)
The limiting distribution of the above Zpg - test statistic involves the

unknown parameters ¢ and 6 and for this reason can not be used directly for

unit root testing. However, these unknown parameters can be consistently
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estimated and there exists a transformation of the Zpg — test statistic which
eliminates these parameters asymptotically (Xiao and Phillips (1998)) but

such considerations are not in the scope of this Thesis. In contrast, the

limiting distribution of the Tpr —test statistic associated with oy does not

depend on any unknown parameters as the next theorem claims:
Theorem 3
Under the assumptions of Theorem 1, define:

1

) .
TDF Z(Cn‘f ) 2(pr -1)
where Cy; is the upper left-hand corner element.of Ral . PT —1:50 T %0

and &2

is the error mean square from regression (4.3.3). Then the limiting
distribution of Tpe-test statistic is equal toxthe distribution of I'2¢ which is

equivalent to the distribution of the form(3.3.10).

So, the limiting distributien/of the studentized tTpr — test statistic of the
coefficient on theflagged dependent variable y.; for the case considered in
this section hasiythe,same” tpr - Dickey-Fuller distribution as when the errors

are independent identically distributed.
Said and Dickey (1984) proved that the above results(Theorems and
Lemmas)rarersstill valid to the higher order ARMA error processes of unknown

order and for this reason they generalized them immediately.

4.4 RELAXING SAID AND DICKEY’S CONDITIONS:
THE NG AND PERRON’S EXTENSIONS

We saw that Said and Dickey (1984) imposed the following conditions in

order to guaranty the consistency of the least squares estimated coefficient

vector éﬁ:(éo,T’écl,T’ ....... é/k,T ):
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(A1) kis chosen as a function of T such that:

3
T—)O and Kk —>mwas T —o>w

(A2) there exists ¢ >0 and r > 0 such that:

1
ck>TT
1
meaning that k is bounded below by a positive multiple of/ L' ¥ for some
strictly positive r. This second is actually a lower boundweondition that
restricts k to grow at least at a polynomial rate in T and_its role is to force k to
be large enough that the truncated Augmented Bickey*Fuller autoregression

of the form (4.3.3) is a good approximation“to“the true process of the form

(4.3.2) and enters the analysis onlygas a “condition to ensure the JT -

Step 3 and its mathematical praof in"Appendix in the end of the Chapter).
Condition (Al) has alse, been used by Berk (1974) who dealt with
approximating a stationary process {w:} by fitting a truncated autoregression

of order, say, ks

K
a’t=_2<13'iwt—i+€tk
|:

In particular, he proved that under the condition (Al) and

1

- o0
(A3) ksatisfies k2 ¥ |d;|>0and k—>was T
i=k+1

the estimates involved in the fitted truncated autoregression are consistent.

The last condition (A3) is satisfied for any stationary and invertible ARMA
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process as long as k—>o0 as T — oo, irrespective of the rate at which k
increases. Condition (A3) is more relaxed than the condition (A2) as it allows
k to grow at slower rates compared to (A2) which restricts k to grow at least
at a polynomial rate. In addition, Berk (1974) and later Lewis and Reinsel
(1985) in a related work of approximating a stationary process by fitting a
truncated autoregression of order, say, k used the condition (Al) along with

the condition below:

N

0
(A4) ksatisfies T Y |di | >0 as k —>o0 and, T /o0
i=k+1

to prove ﬁ—consistency of the estimated coefficients involved in the fitted
truncated autoregression.

The conditions (A3) and (A4) proposed,by, Berk (1974) and Lewis and
Reinsel (1985) have direct application to/the tase where w=Ay; and d;=¢; if
the process {y:} defined in (4.2.1) and,analyzed by Said and Dickey (1984) is
assumed to be stationary.

Ng and Perron (1995) cofisidered the validity of all Said and Dickey’s
results in the absence of the lewer bound condition (A2). The importance of
such a result will’ be mentioned later in this Chapter and is going to be
analyzed extenSively in Chapter 5. Their following lemma is involved with

the above statement:
Lemma.4

Supposé that the DGP for {y;} is given by (4.2.2) where {&} ~ i.i.d.(0, o)
with bounded fourth moment and {u} is a stationary and invertible process
with autoregressive and moving average polynomials that do not share

common roots. Let also the limiting distribution of the studentized DE — test

statistic be obtained from the truncated autoregression of the form (4.2.3)

with k chosen such as to satisfy only (Al).
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Then, (a) the asymptotic distribution of the = — test statistic continues

to be given by (3.3.10) without (A2) and (b) the estimated coefficient vector

A

f(k)=(§1-r, ....... Sk T) iIs not in general JT —consistent for the true-valued
coefficient vector  if (A2) or (A4) does not hold. In that case, if there exists

A€l and C > 0 such that |g’j |§C/1j, then it follows

Kt ~1)=0,@® fori=1,2, ...k

This lemma of Ng and Perron (1995) states that the consistency. of the
estimated coefficients on the stationary regressors in the Atgmented Dickey-
Fuller autoregression of the form (4.2.3) is not violated ify(AT)alone holds. It
also states that there is no change in the structure of the limiting distribution

of the studentized DE —test statistic for testing-the unit root hypothesis that

p=1 if (Al) alone holds. Although ﬁ—consistency of the estimated
coefficients on the stationary regressorsyin the Augmented Dickey-Fuller

autoregression is not assured without the condition (A2), 5OT is still T-

consistent (remember that we proved the T — consistency of 50 T Without the

lower-bound condition ((A2), in\step 4). The importance of the last lemma
comes from the fact that allows k to be chosen to have a logarithmic rate,
which we will see.that 1s of special interest, in contrast to (A2) or (A4) which
rule it put. On the other hand, all these statements do not indicate that (A2)
condition is nob important. Therefore, choices of k that satisfy conditions (A2)

and (A4) will yield coefficient estimates on the stationary regressors in the

Augmented Dickey-Fuller autoregression that achieve JT - consistency and
for this reason can be expected to lead to unit root tests that have better finite-

sample properties than choices of k that do not satisfy (A2).

Let us now see why theﬁ—consistency of the estimated coefficients on
the stationary regressors in the Augmented Dickey-Fuller autoregression is

not assured without the condition (A2). To do this, we have to re-establish the
order of the term || Dy XU (e — &) | =l Dy X X (e —&p) |l
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It holds that:

T L k[T 2
EIIDT X Xi(etx &) I=E(T=k) = X ) Ut_j(gtk—gt
t=k+1 j=1t=k+1

But,

L k[ T=k 2
E (T—k) z z ut—j(gtk_gt) =

j=1t=k+1
12
K T-k
E z[(r—kr“z > jleg -a)| =
j=1 t=k+1 i

2
k —
Z E{(T—k)_llz Z ut_j(gtk —gt:| <
j=1 t=k+1

o0
k(T -k) X2 <Cka®®ja-4%)—0
i=k+1

provided that A e (0,1) satisfies the condition |§j I< cal for some constant C,

different from ¢ andsk —=— ") whieh is assured under the condition (Al). So, using

the above derivations we get:
T
IDr X Xi(eg —ep)ll=0p@)
t=k+1

under the absence of the lower-bound condition (A2).

The rate at which the estimated coefficient vector f(k):
(fl-l-,fz-r, ..... i T) converges under the absence of the lower bound

condition (A2) can be found by writing:
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(T =M 200 - ¢ (k) = (Or (M Dy (k)T =k~ Y2 E Xy =
R*_l(T —k)_llzZXtEtk _ (R*—l_r—1+r—l)(|- —k)_l/ZZ Xiétk =
R -1 T - 2T Xy + 17T -0 2T Xy =
R hr -0 Y2 xey + 7T -0 Y22 X (e — 4 +2¢) =
RTI-rHT k)23 Xgy +THT —k) 23 Xy +

+T7NT —k)_l/ZZXt(é‘tk —&t)

Taking the usual Euclidean norm of both sides above we obtain:

1T - 2w - k) I=

IR =TT =) 2N Xy +THT —k) 2N Xy +
AT -k Y23 Xy (e — ) I

IR =TT =K 2Y Xpey Il +

T T =) 2 Xeeg I+ 1T (Tak) M2 Y X (e — &) |
=0, +0,(kY?)+0,@) =0, (K2} 3

I (T =Y 2(EK) - £ (k) = 0p (K2

If condition (A2) holds {we saw that: VT (&j  —¢) =0, (@) fori=1,2,3,....,T.

If condition (A2),doesmot hold, then:

1 42X w0 - ) =0, (KM2) or 27K (E-£ (KD =0,M)

for i=1,2,3,.....,T since kKM2k ___s0as k—o,

Having concerned with the appropriate conditions that the degree of
augmentation, or the lag order k, must satisfied in order to get statistical
meaningful results, a direct application of them provide theoretical rather than
practical guidance for choosing it. So, selection methods are needed for
choosing the appropriate lag number k to be included in the truncated
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autoregression of the form (4.2.3) provided that these selection methods

whatever will be, must satisfy the conditions just mentioned.

Appendix of Chapter 4: Mathematical proofs

Lemma 2 (p. 70-71)

As T —oo:
_ -1
) 103U, by 4 Jleo 7Y

1
_ 2
b) IDp ZU, & =0 (k2)

1
_0 (k2
©) 1D XU ey -0 ()

Proof

a) It holds that:
T
EIDy  ZUi(ey —p) lI=
t=k+1

T 2 K[ T 2
-1

zyt—l(gtk_gt)} +E (T—k) Z l: z ut_j(gtk—gt

t=k+1

a—krfE{
j=1t=k+1

100



For the first term we have the following: Since {u} is a stationary invertible

ARMA process, there exists a sequence of real numbers {{;}, a number 0 < i
< 1 and a number M such that |g“j | < MAJ (Fuller, 1976, Theorem 2.7.2).

Taking the above considerations into account we have that:

T 2 T 2
-2 -2 S
(T -k) E[ Zyt_l(gtk—gt)} =(T -k) E{ 2Vt -1 Z?iut_i} =
t=k+1 t=k+1 i=k+1

0 o0 _9 T T

) X Gigj| M=k > X E(Yp_qUi—iYs 1Yyl s
i=k+1j=k+1 t=k+1s=k+1

o0 o0 e 0] o0

G Z 2 Gigj=C X6 X ¢j<

i=k+1j=k+1 i=k+1j=k+1

c, x4 zAl=¢| 4| =¢ > 2O\fofvk >0 as T -
i=k+1j=k+1 i=k+1 @-A)

where C; is a constant number.

For the second term, it holds that:

L k[ T=k 2
EfT k)= X | X Lue (e &) | (=

j=1t=k+1
42
k T-k
E Z [(T—k) 1/2 Z Ut_j(é'tk —€t) =
j=A t=k+1 |

K 12 T ’
> B -k XU jlegk e | <
j=1 t=k+1

k(T k) ¥c2 =0, %)
i=k+1

under the lower bound condition ck>T*" for some ¢>0 and r>0 and the direct
application of assumption (iv) of Berk’s (1974) Theorem 2, p.495.

Finally, using the above derivations we get:
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T

-1

> Ul(ey —¢)lI=0 . (T77)
Te g btk p

I D
b) It holds that:

T 2
EID XUie lI°=
t=k+1

L (T 2 Lk (T=k 2
(T—k) E Zyt—lgt +(|-—k) Z E z ut_jgt
t=k+1 j=1 lt=

But,

kK (T—k 2

-1 - 2

(T -k) _ZlE[ Zlut—jgt] =ky, 0o :Op(k)
J: t=

using the independence of Ut _j and & for j > 0 and the direct

application of Berk’s (1974) Llemmal, p.492.
On the other hand, using the same facts as above, it holds that:

T 2 —
E > Yi_15t =0
t

2 2
E[y j=o T2)
t=k+1 t-1 P

T
)
k+1

(see Hamilton, 1994, p.497). So,

.
2 2y _
E|l DTt:%HUtgt I?=0,()+0 (T%)=0 ()=

;
ID; X U ll=0 (k)
t=k+1

¢) Combining parts (a) and (b) we have that:
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1Dy T Uy HIDE X U Gy~ +e) -

t—k+l t—k 1
| D U, ( )+D 5 U |
Z &, —& )+ > e I
T :k L Uk Tt:k+1 t°t

| D Z U(E 8)||+||D Z U ||=
Tikyg Ukt Tk

- 1/2y _ 1/2
Op(T )+Op(k )—Op(k )

Proof of Theorem 2 (p.71)

Under the assumptions of the process (4.3.1) with® p=1, it holds that

1<-<| —P 0 under the conditions (Al) and (A2).

Proof

Let us denote K = D1RoDt . We then write:

Dr Y¢-0= (DTRODT)_ Dy Zulgtk—K D-|- zkjulgtk_
=k+

Kk 1-r~ 1RO, zulgtk_
+

(KZ AR )DT zUtf‘ftk+R Dy S tétk =
=k+1 —k+1
(K_l—R_l)D U +R1 U et )=
Tt_z tlgtk Dy _Z tl(gtk & +ép) =

.
(kK 1-r"hp; ZUtgtk+R Ip; U e +R7IDT YU (ey — &)
t=k+1 _k+1 t=k+1

Taking norms we get:
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1071 -9 <

Ik~ 1-r™ Ly D; U e I+ R7L DT U e I+
t=k +1 t—k+1

IR DTt %UE(S“‘ —&p) |-
=k +

op(1)+0p(1)0p(k1/2)+Op(1)0p(r_1):

0p,M+0, (%) +0, 1 Y =0,K!?)

Finally,

1

ID7 1= I=0, (M2 = ¢~ l=0, @) since | k) under  the
y k3

condition of ?—>O as T > .
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CHAPTER 5

LAG LENGTH SELECTION METHODS
FOR THE ADF TESTS

5.1 INTRODUCTION

Model selection is a crucial issue in the science of statistics. ‘Model
selection refers to the procedure that selects hypothesized models which
describe in a best way an experiment under study. The usual,statistical theory
involves the selection of a class of models using various procedures including
applications of significance tests or maximization ef specified criteria that
work in a satisfactory way under certainconditions. Model selection in our
case refers to the procedure that selectsythe appropriate lag number to be
included in the Augmented Dickey=Fuller autoregression as well as in the
Augmented Dickey-Fuller tpgy,— test statistic in order to obtain desirable
statistical properties for the“resulting testing procedure. In this Chapter we
will present the theory concerning the choice of the lag number to be included
in the Augmented Dickey-Fuller autoregression and its implications to the
Augmented Dickey-Fuller tpe — test statistic when it tests unit root
hypotheses using selection criteria of the type just mentioned. We will notice
in-thesforegoing sections that the theory is developed for giving satisfactory
results asymptotically, so Monte Carlo simulation experiments are needed for
examining the results of the various selection criteria in finite samples. The
latter will be the main issue of the next Chapter.

The data generating process that is considered and used in this Chapter

has the same form considered by Said and Dickey (1984):
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Ye =¥y 1 tY
and

uy ~ ARMA(p, 9)

with the autoregressive and moving average parameters involved in the

stationary ARMA(p, q) error process denoted by {gz},ﬁj,i =12,..,p, ] :1,2,...,q},
respectively, and the unit root hypothesis that p=1 is goinggto be tested

through the studentized unit root Tpr — test statistic qusing the Augmented

Dickey-Fuller autoregression of the form:

K
AVp =¢oYr—1+ ZSjAVt—i ®éik (5.1.1)
i=1

for various values of the parameters‘p and,g.

5.2 THE SIMPLEST METHOD

The simplest “way to choose the lag number k to be included in the
Augmented Dickey-Fuller autoregression of the form (5.1.1) before applying

thedwAugmented Dickey-Fuller unit root rDF—test is that of being

independent of the number of observations T meaning, for example, that we
can allow it to take any value we like. Ng and Perron (1995) fixed k to belong
in the range [1, 10] and constructed Monte Carlo simulation experiments to

investigate the performance of the unit root DE —test statistic in the context

of its size and the power. These are going to be illustrated extensively in the
next Chapter.
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5.3 THE DETERMINISTIC METHOD

Schwert (1989) suggested choosing the lag number k to be included in
the Augmented Dickey-Fuller autoregression before applying the Augmented

Dickey-Fuller unit root = —test as a deterministic function of the number

of observations T. In particular, Schwert (1989) defined:

1
k=intdc Ljd
100

where ‘int’ denotes the integer before the first decimal point, for arbitrary
given constants ¢ and d. More specifically, values@f c=4 and 12 and d=4 were
used for k to be calculated for different sample\size thoices. Schwert (1989)
also constructed extensive Monte Carlo simulation experiments to investigate

the performance of the unit root = — test, statistic in the context of its size

and the power. These are also geing\to be illustrated extensively in the next
Chapter.

The practical problem “ythat appears from using this specified
deterministic method foriselecting the lag number k is that one is faced with a
given sample-Size inspractice and this fact leads to the calculation of the right
c and d in the deterministic function of k unless ¢ and d happen to be chosen
correctly.

Furthermore, deterministic methods like this proposed by Schwert (1989)
as well as the simplest one for choosing the lag number k to be included in the
Augmented Dickey-Fuller autoregression are not good practical guidelines for
asymptotic inference. Indeed, the value of k that ensures an exact size close to
the nominal size and also produces high power is strongly dependent on the
actual data generating process and its error process, that is, the values of the
moving average and autoregressive parameters, information that these two
criteria do not take into account and for this reason have to be avoided as a

matter of practice. However, as we will notice in the next Chapter, studying
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the results of these two selection methods mentioned above, a significant
problem on the statistical properties of the unit root Tpr — test statistic starts

to appear.

5.4 SEQUENTIAL METHODS

The "sequential tests”, as Ng and Perron (1995) claim, belong to a
"general-to-specific” modeling strategy and used for choosing, for, example,
between a model with, say, (k-h)-regressors and a model with k-regresseors. In
the case where the model is the Augmented Dickey-Fuller fautoregression of
the form (5.1.1), the discrimination of the Augmented Dickey-Fuller
autoregression of order, say, k-h and the Augmented Dickey-Fuller

autoregression of order k can be done as follows:

Let S(k—hk) denote the estimated| vector of the coefficients
(fk—h+1T ______ é:k T) obtained by applying the least squares procedure to

the Augmented Dickey-Fuller auteregression of the form (5.1.1), with:

and let:

t=k+1

Let also Rai(h) be the lower-right (hxh) block of the matrix Rlzl.

Giving the above definitions, the discrimination of the Augmented
Dickey-Fuller autoregression with (k-h) and k-lagged terms can be done by

considering the hypothesis that the coefficients on the last h-lagged terms are
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jointly equal to zero and can be tested through the Wald test-statistic that

defined as follows:

J(k=h,K) =K —h, k)’ (R(ﬁ( () *E(k-hk)/ 67

(5.4.1)

Ng and Perron (1995) gave the beneath Lemma that is concerned with the
limiting distribution of the Wald, J(k-h, k), test statistic defined above and is
useful in establishing later in this section the limiting distributign\ofthe
studentized Tpr — test statistic when testing the null hypothesistef the unit

root.
Lemma 4

Let {y:} be generated by (4.2.1) and suppose that the conditions (Al) and
(A4) hold. Let ¢(K)= (S 7. Lk T )mbe the estimated coefficient vector on

the stationary variables included in the Augmented Dickey-Fuller
autoregression of the form (5.1.2) and let the Wald, J(k-h, k), test-statistic be
as defined in (5.4.1). ThengptheyWald, J(k-h, k) test-statistic is asymptotically

chi-squared distributed with h-degrees of freedom.

The Wald test statistic that has been described above leads to the standard t-
test statistic if we replace h with unity, h=1.

Simplyyrspeaking, in the case of the Augmented Dickey-Fuller
autoregression of order, say, k, the standard t-test deals with the significance

of the coefficient on the last k-th lagged term and takes the form of:

1

21T 5
t, =ﬁgk[akTRO (1)} 2 (5.4.2)

where R61(1) is the first diagonal element of the matrix Ral defined in

(4.3.7), and is actually the square root of the Wald, J(k-1, k), test statistic.
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The standard t-test chooses a value of k if tz is significant at some pre-

k
specified level a in an estimated Augmented Dickey-Fuller autoregression of

the form (5.1.1) of order k, whereas the t-tests t are insignificant in the

k
estimated autoregressions of order k for all k in the range (R,kmax].

Having illustrated the Wald as well as the standard t — test statistics of

the form (5.4.1) and (5.4.2) respectively, let us make some comments on

them. The Wald, J(k-h, k), test statistic requires k to be chosen from|a set of
possible values {0, 1, 2, .... , kmax} Where Kmax has to be selected a priori in‘a

way to satisfy the condition (Al). Ng and Perron (2001)-setpforrexample,

1/4
k =int[10£Lj } but mentioned that other values are also valid. Ng
max 100

and Perron (1995) gave the following definition that is concerned with this

specific Wald test statistic.

Definition 1

The general-to-specific modeling/strategy chooses K to be either a) h+1 if, at
a prespecified level a, J(k-h; k) is the first test in the sequence J(i-h, i) where
{i = Kmax-1, ...&, 1} which is significantly different from zero b) zero if J(i-h,

i) is not significantly different from zero for all {i = Kpax-1, ..... , 1}.

Letting'h being equal to unity in the above definition we get a special case of
the general-to-specific modeling strategy. This is the standard t-test
concerning the significance of the coefficient on the last lagged-term.
Furthermore, the Wald, J(k-h, k), test statistic is chi-square distributed with h-
degrees of freedom under the conditions (A2) and (A4) meaning that k has to
increase at some polynomial rate or at a rate that (A2) or (A4) is satisfied. In
fact, Ng and Perron (1995) stated that the truncated lag number selected by
general-to-specific modeling strategy will be grown at the same rate as Kmax as

the next Lemma states:
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Lemma 6

If the order k of the Augmented Dickey-Fuller autoregression is selected by

means of general-to-specific modeling strategy and its maximum order Kpmax

increases at a rate such that (Al) and (A4) are satisfied, then its order k

increases at the same rate as Kyax.

According to this Lemma, if knax is selected to increase at a polynomial rate

then k selected due to the general-to-specific strategy will also inereasefat)a
polynomial rate. This implies that conditions (Al) or (A4) can be satisfied
with judicious choice of kmax, thereby ensuring that the results of the Lemma
4 hold.

Now we are in the position to determine the asymptotic distribution of

the unit root Tpr —test statistic when k chosenfdue‘te the general-to-specific

modeling strategy.
Theorem 4

If the maximum order of the, Augmanted Dickey-Fuller autoregression Kmax
satisfies conditions (Al).and (A4) and its order k is chosen according to the
general-to-specific_modeling strategy, then the limiting distribution of the
studentized Tpr —test,statistic when testing the hypothesis of the unit root is of

the form of (3.3.10).

55 INFORMATION CRITERIA (IC) METHODS

Time series analysis involves both model identification and parameters
estimation. The identification problem is the more difficult part. Once the
functional form of the model is specified, estimating the parameters of the

model is usually straightforward.
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To identify the model that best represents the data of a time series, it is
necessary to be clear about the purpose of the model. Here, we are concerned
with the "predictive accuracy” of a model. A model is chosen by studying the
data values in a fit set. It is then used to predict future values of the time
series. The model can be forced to fit the data increasingly well by increasing
its order. However, as it is well known, the fact that the fit set errors are small
is no guarantee that the prediction set errors will be.

Many of the terms in a complex model may simply be accounting for
noise in the data. Such overfitted models may predict future values of the time
series quite poorly. Even when the true order of the data generating process”s
known, a lower order may give better predictions. Thus, to~arrive at a model
that represents only the main features of the series, selectien’ criteria that
balance model fit and model complexity must be used.

In the context of a stationary process that-is,apptoximated by fitting a
truncated autoregression of order, say, ki Hannan and Deistler (1988)
considered the global minimization of the Beneath objective function of the

general form:

IC(k):In(5E)+kCTT (5.5.1)

for selecting its appropriate jorder in order to minimize its prediction error,

C

where C+ is a sequence that satisfies Ct > 0 and TT—>O as T —oo and 5|§

is the-gstimated variance computed from the fitted truncated autoregression
withi'say;. k. regressors and a sample size of T observations using least squares
procedure.

Two of the most known criteria are that of Akaike, named Akaike
Information Criterion and denoted as AIC and that of Schwarz, named
Schwarz or Bayesian Information Criterion and denoted as BIC. The use of
AIC has originally been motivated by the wish to maximize the value of a
quantity which called "predictive accuracy” of a model and the use of BIC is
motivated by the Bayesian idea that one should choose a model with the

largest "posterior probability”. The AIC is obtained as a special case of
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(5.5.1) with Cy = 2 and the BIC as a special case of (5.5.1) with Ct = InT. Of
course, there are many other criteria that actually differ only in C+, the weight
applied to overfitting, but all use k as the penalty to overfitting.

Ng and Perron (1995) summarized a result of Hannan and Deistler (1988)
that is relevant to the context of the unit root testing issue, as we will notice
in the subsequent analysis in this section, and is concerned with a basic
property that the order of the fitted truncated autoregression satisfies when
the latter is fitted to approximate a stationary process. Specifically, it is
proportional to a specific function of the number of observations T as the next

Lemma claims:

Lemma 7

Let {w} belong to the general class of the stationarysand invertible ARMA
processes with finite fourth moment and let us assume that we fit a truncated

autoregression of order, say, k:

k
Wy :_zdia)t—i +€tk (5.5.2)
1 =
and define:
T
513 - 2 gti
T-k t=k+1

where g are the residuals obtained from the fitted truncated autoregression

of the form (5.5.2) by applying the least squares procedure. Let Ct be a

C

function of T such that C+ > 0 and ?T —>0as T — o and

~ . -2, .. °T
kr =arg  min In(ak)+kT
K<Kmax
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k
provided that kpyax satisfies the condition (Al). Then, lim T =1, for
T _)OobInT

some constant b.

The result that the global minimization of the objective function of the
form (5.5.1) chooses a value of k that is proportional to InT in a univariate
stationary and invertible ARMA process is due to Shibata (1980) and Hannan
and Deistler (1988) provided a unified asymptotic framework to show that the
feature of InT proportionality is generic to Information Criteria based rules
applied, in particular, to the general class of the stationary @amnd inwvertible
ARMA processes. The result of the above Lemma 7 isquseful mystudying the
properties of the truncated lag number k within the context of*an Augmented
Dickey-Fuller autoregression of the form (5.1.1) derived for an autoregressive
integrated moving average ARIMA (p, 1, q) process. ‘Indeed, the following

Lemma shows that the result of Lemma 7 extendsito/this latter case:
Lemma 8
Let {y:} satisfy the following progess:

yt :pyt_1+ut for t= 1,2,3, ......

and
p q
Ut :_zfiut—i +é&p + _Zlﬁjgt_j fort=....,-2,-1,0,1,2,....
| = ] =

and define:

6 =-071 T 44

115



where &y are the least squares residuals obtained from the Augmented

Dickey-Fuller autoregression of the form (5.1.1). Define also:

.
Gl=0-0t ¥ 22
t=k+1

where &y are the least squares residuals obtained from the fitted truncated

autoregression of the form (5.5.2) with o = Ay;. Then:
52 =6¢ +o, 12
uniformly in k, provided that k satisfies the condition,(Ad).

Lemma 8 implies that the difference between the residual sum of squares from
the Augmented Dickey-Fuller autoregressiontof the form (5.1.1) and the
restricted one of the form (5.5.2) withyo: 5, Ay; is 0,(T?) uniformly in k.
Therefore, the Information Critéria_and the corresponding values of k that
minimize such criteria are asymptotically the same in both cases. Thus, the
AIC and BIC, when applied totthe Augmented Dickey-Fuller autoregression
denined in (5.1,1), also“select truncation lags proportional to InT under the

null hypothesisy of=ag”unit root that p=1. Notice also that the InT

3
proportionality satisfies the condition (Al) that k? —0and k—>was T —>w

in contrast to the conditions (A2) or (A4) which rule it out since they require

for k to'grow at least at a polynomial rate. As far as the limiting distribution
of the unit root tpr —test statistic is concerned, is summarized in the following

Theorem of Ng and Perron (1995):
Theorem 5

Let {y.} satisfy the assumptions of the general process of the form (4.2.1).

Under the null hypothesis of a unit root, if the order of the Augmented
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Dickey-Fuller autoregression selected using an Information Criterion in the
class of IC(k) as defined in (5.5.1) such that to satisfy the condition (Al),

then the unit root Tpr —test statistic has the limiting distribution defined by

(3.3.10).

5.6 CORRECTED INFORMATION CRITERIA (1CC)
METHODS

Let {0} belong to the general class of the statiomary and, invertible
ARMA processes with finite fourth moment and let also belapproximated by

fitting a truncated autoregression of order, say, k:

k
wp = Zdla)t_l +6‘tk (5.6.1)
i=1

Ng and Perron (2000) restudied issues related to the order of such an
above autoregression selected wsing the global minimization of the objective
function of the form (5.5.1).%In particular, they studied the sensitivity of the
estimated order tos(a) whether the effective number of observations is held
fixed when estimating maodels of different order, (b) whether the estimate of
the variance is adjusted for the degrees of freedom, and (c) how the penalty
factor for overfitting is defined in relation to the total sample size. Their
Monte Carlo simulation experiments showed that the lag length order selected
using the global minimization of the objective function of the form (5.5.1) is
sensitive to these parameters in finite samples. Furthermore, theoretical
considerations revealed that the global minimization of the beneath Corrected
objective function:

-2 Cr
ICC(K) =In(GF) +k—1— (5.6.2)
T —Kmax
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T
2 1 ~2 . .
KT > £ denotes the estimated variance computed

max t=k+1

where o

from the fitted truncated autoregression of the form (5.6.1) and CT >0 and

C

?T —0 as T — oo, provided that knmax satisfies the condition (Al), that hold

the effective sample size fixed across models to be compared is more
appropriate than the objective function of the form (5.5.1) in the sense that
when it is used for selecting the order of a truncated autoregression when the
latter is fitted to approximate a stationary process gives more, precise
estimates for the coefficients involved in the same__fittedy, truncated
autoregression?.

Related issues concerning firstly the choice [of the order of the
Augmented Dickey-Fuller autoregression derived “for an autoregressive
integrated moving average, ARIMA(p,1,q9),.process*through the Corrected
Information Criteria and secondly the unit \root hypothesis testing issue
through the unit root Tpr - test statistie, follow the theory presented in section
5.5.

Simulation experiments concerning the limiting behavior of the unit root
Tpr - test statistic under_this“truncation lag selection will be presented and

analyzed fully in.the next Chapter.

“ Interested readers should refer to Ng and Perron (2000) for an extensive study on this

particular formulation of the Corrected Information Criteria stated.
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5.7 MODIFIED INFORMATION CRITERIA (MICC)
METHODS

The AIC and BIC or AICC and BICC considered in the previous sections
belong to the class of Information based rules where the chosen value of k to
be included in the Augmented Dickey-Fuller autoregression of the form
(5.1.1) is either:

Kic =arg min IC(k) or kICC =arg min ICC(k)
kelO,..... Knax] k [0,..... 'kmax]
where
. Cr " Cr
IC(k) = In(ak)+k— or ICC (k)= In(ak)+k—
T T —Kmax
T T
. -1 "2 a2 -1 A2
where & =(T —k) > & or, & =T —Kmnax) > €
K t=k+1 t X t=k+1 tk

Cr
and T—>0 as T — oo, and C+>0.

The various criteria differ'in C+, the weight applied to overfitting, but all use
k as the penalty te,overfitting.

Ngrand Perron/(2001) argued that, with integrated data, this penalty may
be & poor appfoximation to the cost of underfitting. So, on the basis of the
Corrected ‘Information Criteria, they suggested a class of Modified
Information Criteria, denoted hereafter by MICC, that takes better account of
the cost of overfitting. Following their lines, when the Modified Information
Criteria are used as selection method for the choice of the lag number k to be
included in the Augmented Dickey-Fuller autoregression of the form (5.1.1)
lead to substantial size and power improvements for the unit root Tpr — test
statistic.

We illustrate these considerations starting by the first argument that, with

integrated data, the penalty k may be a poor approximation to the cost of
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underfitting and for this reason an alternative penalty for integrated data must
be considered. This issue will be illustrated by the derivation of AICC when

dealing with integrated data.
Derivation of AIC with an alternative penalty for integrated data

Suppose that the data generated by a finite order AR(Ko) with normal
errors and a unit root meaning for example that the data generating process is
of the form (5.1.1) with k = kg, {o = 0 and &y ~ i.i.d.N(0,1).

For notation we let go(k):(o,gl, ...... ,g“k)/, f(k):(fo,T,fLT, ...... ‘fk,T)/v

A

0000 =cgty) and g0 =Gy 7 obi )

The goal is to select the lag length k between 0 and, seme upper bound Kmax
that satisfies the condition (Al). In these considerations for the lag length k

condition (Al) for the upper bound kpax is rather strong in the sense that

k
-MaX _y0and k___ —> o as T — oozalso Works well.
T max
Let f(Aylgo(k)j be, the® likelihood function of the data

(Aykmaerl’ ..... ,Ay.l_) conditional on the initial observations

same_number of effective observations, namely T — Knyax.
The Kullback — Leibler distance between the true probability distribution and

the estimated one is:

Q = En( f (ay/d° (k) - In(f (ay/d (k)))]

with sample analogue:

120



T T X
Q=T k)T SILFy 1¢OWN - (T —kppay L SILF Ay £ (K))]
+1 t= kmax +1

as discussed in Gourieroux-Monfort (1995). Akaike’s suggestion was to find a

Q" such that im E[T(Q-Q )]=0 so that Q" is unbiased for Q to order T™.
T oo

Let Ut :(yt_l,xt) Wlth Xt :(Ayt_l ....... Ayt_k) and

: 1
or=| [ 200-c00 ]| zu{ 223w
G t=Kmax t1

where

Using Taylor expansions, we,have,that:

O (k) - Ok
Q= > +op(1) and TQ=- > +op(1)

sinée, TQ-Q=ar () +o (), _lim ETQ-Q)I=0 for Q" =Q+ (k)
T

and the remainder term is uniformly integrable.

Let us now study CDT (k) in the context of integrated data.

"
Given the asymptotic block diagonality of the matrix Dy [ ZUtUt/]DT

t=kmax +1

with DT :diag{(T _kmaxyl’(-r_kmaxyllz ......... (T_kmaxyl/z} we have

that:
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1 |. T
oK)= — S5t T¥Eq+

r. / T .
& 000-¢% ) zxtxl{ £000-62 00 [+op -
- t

= Kmax *
1 (22

2
K

L
ZYt_]_"‘Zk +0p(1)
max +1

t=k

(5.7.1)

where ;(E is a chi-squared distributed random variable with®k degrees of

freedom and is asymptotically independent of the first term.

Hence, a Q" that will satisfy |im E[I'(Q—Q*)]zo is:
T oo

Q" =T ko S 3 In[f(Aytlgo(k)ﬂ—

t=kmax+1

T N R T
k)t ifrlaipcOolle| S 8 gk
t=Kmax #71 GAk t=Kmax +1

(5.7.2)

Undersormality, the second term is proportional to —[(T _kmax )/ 2]In(&f).

Since the first term is common to all models and does not depend on Kk,

minimizing Q" with respect to k is equivalent to minimizing:

2{er (k) +k)

5.7.3
Tk (5.7:3)
m

MAICC = |n(&f)+

ax

where
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and

The important step is the relation given by (5.7.1) inthe Sense that the
remainder term is op(1) uniformly in k provided that conditions (Al) and (A4)
hold. As a natural generalization of the MAICC is thesMadified Information
Criteria (MICC) which select k as:

kMICC = argmkinMICC(k)

where

, Crler (k) K]

o (5.7.4)

MICC(K) = In(&lf)
max

CT
with G§ >0 and ?—>0 as T —ow.

The MAICC is taken from (5.7.4) by setting Ct = 2 and the MBICC by setting
Ct = In(T- Kmax)-

Let us now make some comments on the above derivation of the
Modified Information Criteria (MICC) to see its differences from the
Corrected Information Criteria that we presented in the previous section. A

first notable element is the imposition of the null hypothesis {5 =0 in the

derivation of the penalty term. Ng and Perron (2001) mentioned that the idea

of imposing the null hypothesis in model selection when the purpose is testing
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hypotheses appears new and may have implications beyond the unit root
theory. A second element is that the penalty function is now stochastic.
As T — oo it holds that:

2 2
] 2 (w1
1], L o
S b Ty g = (W)
%) t=Kmax +1 2w (r)2dr
0

where W(r) denotes the standard Brownian Motion process. Strictly, speaking,
we could use the mean of t(W), which is independent of k, instead of tr(k), to
construct Q" and the objective function would then reduce te’standard AICC.
The central theme for retaining t(k) is that, unless T.and k are very large, it
varies substantially with k. Furthermore, the imposition of the null hypothesis

¢o =0 in model selection allows us tomavoid using asymptotic expected

values to approximate the penalty faetor.“So, we hope that tr(k) will better

capture the relevant cost of selecting different orders in finite samples.

5.8 REMARKS ON THELAG LENGTH SELECTION
METHQDS

The “results of this Chapter can be summarized as follows. An
Information Criterion will choose values of the lag number to be included in
the Augmented Dickey-Fuller autoregression that are proportional to InT, a
rate ruled out by the condition (A2). But the lag number selected using the
J(m, r) statistic to test for the significance of lagged terms will increase at the
same rate as the prespecified Kkpmax, itself increasing at a polynomial rate.
Because a logarithmic rate of increase is slow compared to a polynomial rate,
an Information Criterion will choose values of the lag number that are

generally much smaller than those chosen by a general-to-specific t — test, for
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example. Although the log proportionality rule might fail the lower-bound
condition (A2), the limiting distribution of the unit root tpr — test statistic is
unaffected. In such a case the estimates of the coefficients on the stationary

regressors Ay in the Augmented Dickey-Fuller autoregression will be

consistent at a rate slower than /T for some data generating processes.
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CHAPTER 6

FINITE SAMPLE BEHAVIOR OF THE
LAG LENGTH SELECTION METHODS:
A MONTE CARLO INVESTIGATION

6.1 INTRODUCTION

The Dickey-Fuller (DF) and the Augmented Bickey-Fuller (ADF) unit
root tests have been developed for testing the aull hypothesis of a unit root
against the alternative of stationarity. While the“presence or absence of a unit
root has important implications, many remaifsskeptical about the conclusions
drawn from such tests. This concerfnyis jJustifiable, as these specific tests
generally suffer from two problems.\ First, in the case where the errors are
serially correlated of the autoregressive type with an autoregressive
polynomial root close te=buttless than unity, these tests have low power.
Secondly, in the ease where the errors follow a moving average process with a
moving averagepolynemial root close to but less than unity, these tests suffer
from severe size distortions. The consequence are over-rejections of the unit
root hypothesis. In practice, while few economic time series are found to have
sefial “correlation of the autoregressive type with an autoregressive
polynomial root that is close to unity, many do exhibit a large moving average
polynomial root. It is therefore desirable to have powerful unit root tests that
are robust to size and power distortions.

The implementation of the Augmented Dickey-Fuller unit root tests
necessitates the selection of an autoregressive truncation lag, say, k. This is

required in the Augmented Dickey-Fuller autoregression used to form the

Augmented Dickey-Fuller unit root Tpr — test statistic.
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As we will notice in this Chapter, Monte Carlo simulation experiments
repeatedly show a strong association between k, the number of the lag that
have to be included in the Augmented Dickey-Fuller autoregression, and the
severity of size distortions and/or the extent of power loss. The problem is
that while a small k is adequate for finite order autoregressive error processes
and autoregressive moving average error processes with small moving
average polynomial roots, a large k is generally necessary for error processes
with a moving average polynomial root that is close to unity. For the latter
class of error processes, lag length selection methods that presented in the
previous Chapter 5 are going to be used for examining extensivelyathe size

and power properties of the Tpr — test statistic when testingtheshypothesis of

the unit root in finite samples.

More specifically, we assume the following data.generating processes:

Yt =Yt —1+Ut

where

ur~AR(p)aMA(g) and ARMA(p,q)

in order to test the null“hypothesis of the unit root, that is p =1, for various

values of the parameters p and g and examine the effects of the autoregressive
and moving average polynomial roots in combination with the lag length
selection methods that presented in Chapter 5 on the size and power
properties of the unit root Tpf — test statistic.

The first half of this Chapter is mainly focused on presententing Monte
Carlo simulation experiments from the Literature. Their majority is
concentrated on the cases in which the errors follow a moving average and
autoregressive process of order 1, because these cases occur frequently in
time series considered in practice.

In the second half of this Chapter we construct and present an own
Monte Carlo simulation study that is based on error processes which go
beyond the standard AR(1) and MA(1) usually considered in the Literature.

127



The latter class of error processes are also analysed from their spectral
features perspective in order for us to derive useful statistical information
about the importance of knowing the distance of the autoregressive and/or
moving average polynomial root/roots of an error process from the bounds of

the unit circle in the context of testing unit root hypotheses in finite samples.

6.2 THE SIMPLEST METHOD: NG AND PERRON (1995)

In section 5.2 we saw that the simplest way to choose the lagylength order
of the Augmented Dickey-Fuller autoregression before applyingithe tpr — test
statistic in order to test the null hypothesis of the unit‘root.i1s that of being
independent of the number of observations T, meanings.for example, that we
can allow it to take any value we like.

Ng and Perron (1995) considered the “fellowing data generating

processes:
Yt =t -11Yt Yt =t -11Yt
where where
up ~ MAQ) u, ~ AR(), AR(2), AR(3), AR(4)
(MA parameter: 0) (AR parameters: ¢;, i=1,2,3,4)
(MA case) (AR case)

for‘numerous. parameterizations of the error parameters 6 and ¢; in order to
test the hypothesis of the unit root, that is p=1, through the unit root tTpr — test
statistic. Fixing the order of the Augmented Dickey-Fuller autoregression to
belong in the range [1, 10], they constructed Monte Carlo simulation
experiments to investigate the performance of the unit root tpr — test statistic
in the context of its size and the power in finite samples.

The results they reported are based on 5,000 simulations for different
values of the error parameters 6 and ¢; (i=1, 2, 3, 4). For each

parameterization, the selected values of the lag number k and the
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corresponding values of the unit root tTpr — test statistic are recorded. For a
given sample size T, different values for kmax were examined for condition
(A1) to be satisfied.

Tables (B.3) and (B.4) in Appendix B report their results for the moving
average and autoregressive case using the experimental sample size of T=100
observations with kmax = 10.

For the moving average case, looking at the Table (B.3) we notice that
when the moving average error parameter 0 is equal to — 0.8, fixing k to be 4
yields an exact size of 28.3% instead of 5% with power 59% (inSteadsof
100%). Furthermore, size distortions are much smaller as.k beeomes, larger.
This is not true for the power which gets worse as k grows. Size distortions
are much smaller when the moving average error parameter Ouis  positive, but
the unit root Tpr — test statistic seems to be oversized when k is odd and
undersized when k is even.

For the autoregressive case, looking at the Table (B.4) we notice that the
exact size of the unit root Tpr — test statistic for all choices of the lag number
k is approximately close to the nominalisize“ef 5% provided that k is at least
equal to the true order. We also netice that an overparameterized model is
associated with lower power, meaning that if the lag number k is further
increased, the size of thie unit reot tTpr — test statistic is approximately in the
right level but power can drop dramatically.

Thus, we coneclude that while a large chosen lag number k reduces the
size distortions in both moving average and autoregressive case, it
genérally yields lower power.

Ngland Perron (1995) also constructed analogous Monte Carlo simulation
experiments for the sample size choices of T=200 and T=500 observations
(not presented in this thesis). The result, as they mentioned in their study, was
that the power of the unit root Tpr — test statistic increased for every value of
k in both moving average and autoregressive case.

As far as the size of the unit root Tpr — test is concerned, the results for
the autoregressive case were qualitatively the same as when T=100. For the
positive moving average error parameters, there was a zig-zag pattern of size

distortions between odd and even choices of the lag number k and this existed
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even when T=500. For the negative moving average error parameters, size
distortions increased with T for any given value of the lag number k.

The latter statement has to be emphasized. For example, they
mentioned that when 6= - 0.8 and k=3 the exact size of the unit root Tpr — test

statistic increased from 43.4% to 59.8% as T increased from 100 to 500.

6.3 THE DETERMINISTIC METHOD: SCHWERT (1989)

Schwert (1989) first presented Monte Carlo evidence t0 pointiout the size
distortion problems of the commonly Dickey-Fullef. and the Augmented
Dickey-Fuller unit root tests. He argued that the distributien of the Dickey-
Fuller and the Augmented Dickey-Fuller unit root /tests=is”far different from
the distribution reported by Dickey-Fuller in finiteisamples if the underlying
data generating process contains moving ayerage error components.

To prove the above statements he ¢onsidered the data generating process

below:

= -1t
where
up ~ MAQD)
(MA parameter: 0)
(MA case)

and tested the null hypothesis of the unit root, that is p=1, using the
experimental sample size choices of T=25, 50, 100, 250, 500 and 1000
observations. Each experiment was simulated 10,000 times in order for the
sampling distribution of the unit root Tpr — test statistic to be created. The

moving average error parameter 6 was set equal to -0.8, -0.5, 0, 0.5 and 0.8,

respectively.
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Defining:

k =int C(Ljd
100

where ‘int’ denotes the integer before the first decimal point, and for given
arbitrary constants ¢ and d we can notice that the above choice of ghe lag
number k to be included in the Augmented Dickey-Fuller autoregressiongis,a
deterministic function of the number of observations T. Values(©f,c=4%and 12
and d=4 were used for the lag number k to be calculated/forithe different
sample size choices.

Schwert’s results® (not reported in this thesis)showed that the size of

the unit root Tpr — test statistic had significant distortions from the
specified nominal sizes of 1% and 5% and that"it got significantly better
with c=12 the closer the moving average error parameter 6 was to -1. He
also noted that the exact size of the unit root Tpr — test statistic depends
on the choice of the lag number k.

As we have already mentioned in section 5.3, the practical problem that
appears when using this specifig, deterministic method for selecting the lag
order of the Augmented Dickey-Fuller autoregression before the application
of the unit root Tpg,— test statistic is that one is faced with a given sample size
in praetice and this fact leads to the right calculation of ¢ and d in the
deteérministic function of the lag number k unless ¢ and d happen to be chosen
correctly. So, deterministic methods like this proposed by Schwert (1989) as
well as‘the simplest one mentioned by Ng and Perron (1995) for choosing the
lag order of the Augmented Dickey-Fuller autoregression are not good
practical guidelines for statistical inference in finite samples.

However, studying the results of these two lag length selection methods,
a significant problem when testing the unit root hypothesis through the Tpr —
test — statistic seems to appear when the actual data generating process is a
unit root process with errors that follow a MA(1) process with a moving
average error parameter 6 that is close to -1, meaning that the moving average
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polynomial of the MA(1) error process has a root close to unity. That is the

over-rejections of the unit root hypothesis.

% Interested readers should refer to Schwert (1989) for an extensive study on his Monte

Carlo simulation experiment Tables.
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6.4 THE GENERAL-TO-SPECIFIC AND THE
INFORMATION CRITERIA (IC) METHODS:
NG AND PERRON (1995)

Since we have presented the theory of the general-to-specific modeling
strategy along with the Information Criteria for selecting the appropriate lag
number k to be included in the Augmented Dickey-Fuller autoregression
before testing the null hypothesis of the unit root through the tpr - test
statistic we continue with the implications of these theoretical results*to the
Tpr - test statistic in finite samples as we done in the case-ofsthe simplest and
deterministic selection methods.

Ng and Perron (1995) constructed Monte Carlo simulation experiments to
investigate the performance of the unit root Tpg-= test'statistic in the context
of its size and the power by allowing the lag “aumber k in the Augmented
Dickey-Fuller autoregression to takethe™walue that is based on two
Information Criteria, the AIC and BIC, and on the standard t-tests that are
based on the significance on the Jast lag at the nominal levels of 5% and 10%,
denoted by tsi4(5) and tsig(10)n, respectively, according to the general-to-
specific modeling strategys

They consideted thexfollowing data generating processes:

Yo = A1t U Yo = A1t
where where
Uy ~ MA(L) U, ~ AR(D), AR(2), AR(3), AR (4)
(MA parameter: 0) (AR parameters: ¢;, i=1,2,3,4)
(MA case) (AR case)

for numerous parameterizations of the error parameters 6 and ¢; in order to
test the hypothesis of the unit root, that is p=1, through the unit root tTpr — test

statistic. The results they reported are based on 5,000 simulations for different
values of the error parameters 6 and o; (i=1, 2, 3, 4). For each

parameterization, the selected values of the lag number k and the
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corresponding values of the unit root Tpr — test statistic are recorded. For a
given sample size T, different values for kmax were examined for condition
(A1) to be satisfied. The experimental sample sizes were that of T = 100, 200
and 500 observations. The focus was for T = 100 with Kmax =10.

Tables (B.5) and (B.6) give the frequency counts of the selected lag
number k according to the lag length selection methods just mentioned in the
moving average and autoregressive case for T = 100 observations,
respectively. A quick look at these two Tables leads us to the conclusion that
Information Criteria such that of AIC and BIC choose values of k ithat.are
consistently less than 3 for both moving average and autoregressive case.
Furthermore, in the moving average case (Table (B.5))s the values of the lag
number k selected by the general-to-specific modeling strategyst - tests are in
the range [2, Kmax =10] with some mass concentratedsat k = 1.

On the other hand, for the autoregressive~case (Table (B.6)), the lag
number k selected according to the same lag-length selection methods seems
pretty well given that the data generating processes considered are of order no
higher than 4. Information Criteria selectionymethods yield very parsimonious
models when the data generatingyprocess is a unit root process with MA(1)
errors no matter what is the yalue of the moving average error parameter 0, or
equivalently, no matter what iSithe distance of the moving average polynomial

root of the error processyfrom unity. The cost of parsimony will be judged in
terms of the sizeyandstherpower of the unit root Tpf - test statistic.

The results of Tables (B.7) and (B.8) are concerned with the size and the
power lof thegunit root Tpr - test statistic in the moving average and
autoregressive case for T = 100 observations, respectively.

Turning first to the moving average case (Table (B.7)), we can notice that
for the positive values of the moving average error parameter 60, the size of
the unit root Tpr - test statistic is similar to all methods of selecting the lag
number k and can be said that is fairly close to the nominal size of 5%.

From the frequency counts point of view (Table (B.5)), when 6 = - 0.8
the standard 10% t-test picks k to be 5 or smaller approximately 43% of the
time, whereas the AIC picks k to be in the same range twice as often.

Although such variations in the choice of the lag number k appear to yield
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small size differences, power is slightly higher the more parsimonious the
model.

A result that must be emphasized is that of large size distortions
when the moving average parameter 0 of the error process is negative and
close to the value of -1, or equivalently, when the moving average
polynomial root of the error process is close to unity. We noticed the same
phenomenon when we referred to the simplest and deterministic method
of selecting the lag number k to be included in the Augmented Dickey-
Fuller autoregression.

Now, for the autoregressive case (Table (B.8)), all methods of selecting
the lag number k produce an exact size which is close to“the“neminal size of
5%. The standard 10% t-test (tsig(10)) tends to have lowerpower,/however.

Looking again at the frequency counts (Table (B.6)), the standard 10% t-
test selects the lag number k to be greater than_4"moreythan 40% of the time
when the actual data generating process is@@ unit root process with AR(4)
errors indicating overparameterization.”“Rhus, underparameterization is
associated with larger size distortiops.andyoverparameterization with power
loss in the case of T = 100 observations.

The size of the unit root Tpg - test statistic for the moving average case
with T = 200 observationssis reported in Table (B.9). We notice that the size
distortions persistias T tacreases. But in cases for which size distortions is not
a issue, as in-thegautoregressive case, the discrepancies in power across
selection proceduresyvanish almost completely when the sample size grows.

Table (B.10) shows the size and the power of the unit root Tpr - test
statistic forjthe autoregressive case at T = 200 observations. Compared to the
results obtained with T = 100 observations, power is higher throughout, and
the differences in power across selection methods are smaller.

So, standard t-tests have generally an advantage over Information
Criteria in the sense that they produce more accurate size without much
loss of power to the Tpe - test statistic not forgetting that tend to
oveparameterize unit root processes with underlying autoregressive error

processes in some cases.

135



To summarize, an overly parsimonious estimated autoregression may
have large size distortions and an overparameterized one may have too low
power. The size problem is more severe than the power loss in the sense that
differences in power across the selection methods diminish as sample size
increases but the size distortions persist even for large sample sizes for some
methods of selecting the lag number k. At this point of view, standard t — tests
for the significance on the last lag, and especially the tsi4(10), will have an
advantage over the Information Criteria based rules such that of AIC or BIC
because the former produce more robust properties across unit root processes

of different underlying error processes.

6.5 THE COMPARATIVE PERFORMANCE OF THE
MODIFIED INFORMATION CRFIFERIA METHODS:
OUR OWN MONTE CARLO_INVESTIGATION

In the previous sections, we presented Monte Carlo simulation
experiments in order to examineythe size and power performance of the Tpf -
test statistic when testing=the unit root hypothesis in finite samples using the
various methods“mentioned’ there for selecting the lag number k to be
included in ‘the /Augmented Dickey-Fuller autoregression. We similarly
proceed here and present Monte Carlo simulation experiments for examining
the size and power performance of the Tpr - test statistic when testing the unit
root null“f finite samples using now the Corrected (AICC, BICC) and the
Modifiedr (MAICC, MBICC) Information Criteria as lag length selection
methods. We also make comparisons among all the lag length selection
methods. Ng and Perron (2001) have investigated the performance of
Modified Information Criteria (MICC) in the context of Generalized Least
Squares (GLS) estimation for the parameters of the Augmented Dickey-Fuller
autoregression. In this section we corfirm their findings in the context of
Ordinary Least Squares (OLS) estimation for the parameters of the

Augmented Dickey-Fuller autoregression.
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Simulation studies reported up to now have come up with the
conclusion that the standard t —test based on the significance on the last
lag at the nominal size of 10% (tsig(10)) works better than the standard
Information Criteria (AIC, BIC) in the sense that when it chooses the lag
number k to be included in the Augmented Dickey-Fuller autoregression
it produces smaller size distortions to the Tpr - test statistic with no great
loss of power when testing the unit root hypothesis in finite samples.

For the above testing purposes and comparisons we constructed _Monte
Carlo simulation experiments using the experimental sample sizes of T = 100,
250 and 500 observations like those of Ng and Perron (1995, 2001). For edch
sample size, different values of knax are used for condition, (A1) to be

satisfied. The selection of knax is actually based again on/the form:

[ T 1/4
K —int 10(_j
max 100

which proposed and used by Ng and"Perron (1995, 2001).
The results we report are hased on 5,000 simulations. The data generating
processes that are consideredyin this section are of the same form mentioned

in section 6.2 for comparison purposes:

Yt =1+t Yt =1+t
where where
uy ~ MAQ) Up ~ AR (1), AR(2), AR(3), AR(4)
(MA parameter: 0) (AR parameters: ¢; , i=1,2,3,4)
(MA case) (AR case)

For each parameterization of the error parameters 6 and ¢; (i=1, 2, 3, 4), the

selected values of the lag number k and the corresponding values of the unit

root Tpr — test statistic are recorded.
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We first examine the number of times that k =i (i = 1, 2, ..., 10) is being
selected by the Corrected and Modified Information Criteria in 5,000
simulations using the sample size of T = 100 observations. We confirm that
when the error process contains a strong moving average polynomial root
close to unity Corrected Criteria tend to select higher k than the non —
Corrected. Modified Criteria select even higher values.

Tables (B.11) and (B.12) represent frequency counts for the selected lag
number k. A first sign from looking at both Tables is that the Corrected
(AICC and BICC) and the Modified (MAICC and MBICC) Infarmation
Criteria select values of k that are less than 4 in both moving,average and
autoregressive case. If we now make a first comparison-among all the lag
length selection methods in the context of the frequency gounts.in the moving
average case we notice that the Corrected and the Modified Information
Criteria tend to select values for k that are generally, larger. For example,
when 6 = - 0.8 we saw that the AIC picks k te be, 4 or greater almost rarely in
contrast now to the AICC that picks k to’bewd\or greater approximately 62%
and the MAICC approximately 86%saf theytime, percentages that are by far
greater than the percentages we took even from the standard t — test for the
significance on the last lag at the nominal size of 10%. The same conclusions
hold if we compare the BIC with the BICC and MBICC but with the
difference not being soidramatic. Analogous remarks are also derived when
considering the other values of the moving average error parameter 6, leading
us to the conclusionythat the AICC and even more the MAICC is more flexible
than the standard Information Criteria and the standard t - tests according to
the“general-to-specific modeling strategy.

Furthermore, the k’s selected from the Corrected and Modified
Information Criteria are concentrated at small numbers if someone thinks that
the true order of such an estimated autoregression that tries to approximate a
unit root process that contains moving average error terms is infinite. We will
judge this parsimony in terms of the size and power of the unit root Tpr — test
statistic soon enough in this section.

Let us now make the comparison in the context of the frequency counts

in the autoregressive case. The k’s selected from all the lag length selection
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methods considered up to now seem appropriate given that the data
generating processes are of order no higher than 4, not forgetting that the
tsig(10)-test tends to overparameterize unit root processes that have
autoregressive error terms in some cases.

We continue our Monte Carco simulation analysis by investigating the
size implications of the unit root Tpr — test statistic using the Corrected and
Modified Information Criteria as selection methods for the choice of the lag
number k to be included in the Augmented Dickey-Fuller autoregression.

Turning first to the moving average case (Tables (B.13) through(B.15)),

we notice that for the positive values of the moving averageserror parameter 0
and for all the experimental sample sizes the size of the unit root Tpr — test
statistic is almost in the same level and fairly close to the 'nominal size of 5%.
This is a conclusion that holds for all the lag lengthsselection methods we
have seen up to now. The large size distortions of _the unit root Tpr — test
statistic when the moving average error parameter® is large and negative in
the context of using the standard Infermation Criteria (AIC, BIC) and the
standard t — tests (tsig(5), tsig(10)) for significance on the last lag as lag length
selection methods are well _.documented in the previous Monte Carlo
simulation analysis.
The use of the Corrected, and Modified Information Criteria for the
selection of the lag number k to be included in the Augmented Dickey-
Fuller autoregression improve by far the situation. For example, when 6 =
- 0.8 and T = 100 the size of the unit root Tpr — test statistic under the use of
AICC is 22.9% instead of 5%, and under the use of MAICC is 8.3% instead
of 5%, |indicating enormous improvements. Analogous conclusions derived
when looking at the BICC and MBICC in the same Tables. Such
improvements on the size of the unit root Tpr — test statistic are also noticed
at the experimental sample sizes of T = 250 and 500 observations,
respectively.

A result that has to be emphasized at this point is that in the moving
average case and when the moving average parameter 6 of the error
process is negative and close to the value of -1, meaning that the moving
average polynomial of the error process has a root close to unity, the
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MAICC has the best performance in the context of size of the unit root
Tpr — test statistic.

For the autoregressive case, Tables (B.16) through (B.18) indicate that
the Corrected and Modified Information Criteria produce an exact size close
to the desired nominal size, a fact that is also true for the standard ones as
well as for the standard t —tests for the significance on the last lag.

In addition, in the autoregressive case, for the first two unit root
processes where the errors follow an AR(1) process with different specified
autoregressive error parameters we know that there exists an autoregressive
polynomial root for each case that is not so close to unitysThisynotice made
us to investigate the size and power performance of the unit reot Tpr — test
statistic when a unit root process has autoregressive errorsithat'indicate a root
that is close to the bounds of the unit circle. Sofadditional Monte Carlo
simulation experiments were constructed for ,studying in depth the
performance of the unit root Tpr — test statisticim the case were the errors
follow an AR(1) process focusing /mestly "to the autoregressive error
parameters ¢ = 0.8 and —0.8 which indicate an,autoregressive polynomial root
closer to the bounds of the unit cirele\compared to the root that derived under
the autoregressive error parameters ¢= 0.6 and —0.6. Tables (B.19) through
(B.21) indicate that for all the values of the autoregressive error parameter o,
including the parameters '¢»= 0.8 and —0.8, and for all the experimental sample

sizes the size of the unit root tpr — test statistic is close to the nominal size of

5%, meaning that the size of the tpr — test statistic is not affected or distorted
whatever is the distance of the autoregressive polynomial root of the error
processfrom the bounds of the unit circle.

The power performance of the unit root tTpr — test statistic using the
Corrected and Modified Information Criteria as lag length selection methods
IS going now to be examined.

Turning first to moving average case (Tables (B.22) and (B.23)), we
notice that for positive values of the moving average error parameter 6 where
the size is around 5% the power is slightly higher the more parsimonious the
model. It is well known that the BIC or the BICC criterion imposes a heavy

penalty for overparameretization. Thus, for moving average error processes
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with a positive moving average parameter 6, the BIC and BICC tend to yield
higher power for a given sample size. For the negative values of the moving
average error parameter 6 there is no need to focus on the power of the unit
root Tpr — test statistic since the size of the test can not be considered in a
constant level for the power to be evaluated but we have calculated it.

In the autoregressive case (Tables (B.16), (B.17), (B.19) and (B.20)), the
power of the unit root Tpr — test statistic is in the same range for all the lag
length selection methods with the AIC being slightly higher apd any
differences across them vanish almost completely when T increases.

A general feature of our results is that the Modified Information
Criteria (MICC) and especially the Modified ¢Akaike “Information
Criterion (MAICC) takes the advantage of the standard t —test on the
significance on the last lag at the nominal size 0f/20%.(tsi;(10)) according
to the general — to — specific modeling strategy since the presented Monte
Carlo simulation analysis showed that they preduce more accurate size
and power properties for the unit roptyTpr -"test statistic especially when

the data generating processes are @nitiootiprocesses with moving average

error terms.

6.6 SOMEJAINTERESTING CASES IN THE CONTEXT OF
TESTINGUNIT ROOT HYPOTHESES: OUR OWN
MONTE CARLO INVESTIGATION

It is well known that the true spectrum of a moving average process of
order 1 indicates a ‘hole’ at the frequency zero that is ‘stronger’ the closer the
moving average polynomial root is to unity. It is also well known that the true
spectrum of an autoregressive process of order 1 indicates a ‘peak’ at the
frequency zero that is ‘stronger’ the closer the autoregressive polynomial root

is to unity.
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From the Monte Carlo simulation analysis reported up to now we noticed
the inability of the Tpr — test statistic to keep the nominal size when the actual

data generating process is of the form:

i =YY
where
up ~ MAQL)
(MA parameter: 0)
(MA case)

and more specifically when the error process has a“moving average
polynomial root that is close to unity. Havingy intmind the fundamental
characteristic (“hole”) of the true spectrum of @, moving average process that
has a moving average polynomial root close to unity, this inability seems to
be a result of the occurrence of the ‘hole™at the frequency zero and increases
the ‘stronger’ the ‘hole’ is at the frequeney zero.

From the same Monte Garlo simulation analysis we also noticed the

ability of the tpr — test statistic to keep the nominal size when an actual data

generating process(is ofithe form:

Ye = Y1 tY
where

u, ~ AR(1), AR(2), AR(3), AR(4)

(AR parameters: ¢;, i=1, 2, 3, 4)
(AR case)

Having in mind the fundamental characteristic (“peak”) of the true
spectrum of an autoregressive process that has an autoregressive polynomial
root close to unity, it seems that the occurrence of a “mild” or “strong”

“peak” at the frequency zero in the true spectrum of the autoregressive error
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process of order 1 does not affect the size performance of the unit root Tpr —

test statistic. A question that arises at this point is the following:

What can we tell about the size performance of the unit root 7pr — test

statistic in the case where the actual data generating process is a unit root
process with moving average or autoregressive errors that are modeled by

more complicated than a MA(1) or AR(1) processes?

or similarly

What can we tell about the size performance of the unit root 7pr — test

statistic in the case where the root/roots of the moving average and/or
autoregressive polynomial of the error process are ¢loesesto unity, indicating
‘holes’ and ‘peaks’ in the true spectrum of the error,process, at different from
zero frequencies as well as at various combinations of them including the
frequency zero?

Figures (A.12) through (A.34)dillustratessome of these interesting cases
which are taken into consideration‘im,Tables (B.24) through (B.26).

To answer the above questions that are of great interest, analogous to the
previous Monte Carlo simulation _experiments were constructed focusing only

to the experimental samplessize of T = 100 observations.

When the error process contains moving average polynomial roots at

frequencies far from zero then the size of the unit root Tpg — test statistic

is acceptable with any of the lag length selection criteria

Turning first to the case where the data generating process is a unit root
process that has errors that follow moving average processes more
complicated than the MA(1) process and with characteristics like those
indicated in Figures (A.12) through (A.19) we notice from Table (B.24) that

the size of the unit root Tpr — test statistic is fairly close to the nominal size

of 5% when the root/roots of the moving average polynomial of the error
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process is/are close to the unit circle but at a frequency or frequencies away

from zero.

When the error process contains a strong moving average polynomial root

at frequency zero the size of the unit root Tpr — test statistic has the best

performance under the use of MAICC

The problem starts to appear again when the moving average polynomial
of the error process has at least one root close to unity and at the frequency
zero no matter at what frequencies are its other roots and hew clese ornot are
to the bounds of the unit circle.

For example, when we consider as a data generatingyproeess a unit root
process with errors that follow a moving averagespprocess of order 3 with
specified parameters 6; = - 0.99, 0, = 0.98, B3.= -0.97 (case 4 in Table
(B.24)) in order its polynomial to have two rootsiequal to the value of 0.99 at
the frequencies zero and 0.5x, respectively, (See Figure (A.15)) we notice that
the size of the unit root Tpr — testystatistic using the standard and the
Corrected Information Criteria/asywell as the standard t — tests for the
significance on the last lag acconrding to the general-to-specific modeling
strategy for the choice of the 1ag number k to be included in the Augmented
Dickey-Fuller autaregression is 39% (using the AIC), 45.1% (using the BIC),
27% (using the tg(10));729% (using the ts4(5)), 33.8% (using the AICC) and
48.4% (using the BICC) instead of 5% indicating enormous size distortions.

On the other hand, the size of the unit root Tpr — test statistic using the
Modified Information Criteria for the choice of the lag number to be included
in the Augmented Dickey-Fuller autoregression is 19.85% (using the MAICC)
and 23.5% (using the MBICC) which are by far better than the results
obtained using the Corrected Information Criteria noting also here significant

size distortions.

When the error process is purely autoregressive the size performance of

the unit root Tpe — test statistic is not influenced with any of the lag length
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selection criteria no matter how close the autoregressive polynomial roots

are to unit circle and at what frequencies

Turning now to the case where the data generating process is a unit root
process with errors that follow autoregressive processes more complicated
than the AR(1) process and with characteristics like those indicated in Figures
(A.20) through (A.26) we notice from Table (B.25) that the size of the unit
root Tpr — test statistic is close to the nominal size of 5% for all the lag
length selection methods when the root/roots of the autoregressive polynomial
of the error process is/are close to unity at frequency zerogat frequencies far
from zero or at any combination of them whatever is the selection method for
choosing the lag number k to be included in the Augmented=Dickey-Fuller

autoregression.

Under autoregressive moving average errorayprocesses, when a strong

moving average polynomial root at frequency zero is combined with a

strong autoregressive polynomial_root elsewhere, the size distortions of

the unit root Tpe — test statistic™fer ‘all the lag length selection criteria are

reduced the stronger the autoregnessive polynomial root

We also checked thessize performance of the unit root Tpe — test statistic
when the actual“data generating process is a unit root process with errors that
follow ARMA(p, q) processes and with characteristics like those indicated in
Figures (A.27)dhrough (A.34).

More specifically, we investigated the case where the autoregressive
polynomial of the error process has root/roots close to the bounds of the unit
circle at various frequencies including the frequency zero indicating ‘peaks’
in the true spectrum of the autoregressive moving average error process and
the case where the moving average polynomial of the same error process has
root/roots close to the bounds of the unit circle at various frequency choices
including the frequency zero, indicating ‘holes’ in the same true spectrum of

the autoregressive moving average error process.
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The first case that is considered in Table (B.26) examines the size
performance of the tTpr — test statistic when is applied to test the unit root
hypothesis in the Augmented Dickey-Fuller autoregression that is trying to
approximate a unit root process (of T=100 observations) with errors that
follow an ARMA(2, 1) process of specified autoregressive and moving
average parameters ¢;= - 0.31, ¢,= - 0.25 and 6= - 0.99 in order to have the
following characteristics: (a) the autoregressive polynomial root is equal to
the value of 0.5 at frequency 0.6x indicating a mild “peak” at this frequency
in the true spectrum of the error process and (b) the moving ‘average
polynomial root is equal to the value of 0.99 at frequencyszereyindieating a
strong “hole” at this frequency in the true spectrum of the samejerror process
(see Figure (A.27)). We notice that the size of the unit foot, ToF= test statistic
using the standard t — tests (tsig(5), tsig(10)) for the significance on the last lag
for the choice of the lag number k to be included in the Augmented Dickey-
Fuller autoregression is 23.94% (using the\tsig(5)) and 21.4% (using the
tsig(10)) instead of 5% indicating epermous size distortions. The same
conclusions hold for the size of theyunit root, Tpor — test statistic when using
the standard as well as the Corrected:Information Criteria (AIC, BIC, AICC,
BICC) for the choice of theylag mumber k to be included in the Augmented
Dickey-Fuller autoregreSsion, Furthermore, the size of the unit root Tpf — test
statistic when using the Modified Information Criteria (MAICC, MBICC) for
the choice of the'lag number k to be included in the Augmented Dickey-Fuller
autoregression is 14.9% (using the MAICC) and 15.02% (using the MBICC)
instéad 'of 5% which are by far better than the results obtained when using the
previous lag length selection methods noting also here significant size
distortions.

The second, third and fourth case that is considered in Table (B.26)
examine the size performance of the Tpr — test statistic when the actual data
generating process is a unit root process (of T=100 observations) with errors
that follow an ARMA(2, 1) process of specified autoregressive and moving
average parameters (@1= - 0.43, ¢2= - 0.49 and 0= - 0.99), (p1= - 0.56, @2= -
0.81 and 6= - 0.99), (p1= - 0.61, 9= - 0.98 and 6= - 0.99), respectively, in
order to have the following characteristics: (a) the autoregressive polynomial
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roots are equal to the values of 0.7, 0.9 and 0.99 at frequency 0.6x indicating
stronger “peaks” than the first case in this frequency in the true spectrum of
the error process and (b) the moving average polynomial root is equal to the
value of 0.99 at frequency zero indicating a strong “hole” at this frequency in
the true spectrum of the same error process (see Figures (A.28) through
(A.30)). We notice that the size distortions of the unit root Tpr — test statistic
using the standard t — tests (tsig(5), tsig(10)) for the significance on the last lag
for the choice of the lag number to be included in the Augmented Dickey-
Fuller autoregression is getting smaller the stronger the “peak” is inithe true
spectrum of the error process at frequency 0.6xw. The same,conelusions hold
for the size of the unit root Tpr — test statistic when using/the‘standard, the
Corrected and the Modified Information Criteria forgtheychoice of the lag
number to be included in the Augmented Dickey-Fuller,autoregression, with

the latter ones, and especially the MAICC, giving the more acceptable sizes

for the unit root Tpg — test statistic.

The inability of the Tpr — test statistic to Keep the nominal size when the
actual data generating process is a unit reot process with errors that follow a
moving average process with, the™characteristic that the moving average
polynomial has a root closeyto umity at frequency zero, indicating a strong
“hole” at frequency zefo intheytrue spectrum of the error process, is well
documented inhe previous Monte Carlo simulation experiments. Looking at
the latter four cases we notice that the combination of a strong “hole” at
frequency zero and a strong “peak” at any frequency choices different from
zer@_in the triie spectrum of an error process makes this inability to get
decreased the stronger the “peak” is in the true spectrum of the error process.

The next two cases in Table (B.26) (cases 5 and 6) make the above
statement more readable. More specifically, the fifth case examines the size
performance of the Tpr — test statistic when the actual data generating process
iIs a unit root process (of T=100 observations) with errors that follow an
ARMA(4, 1) process of specified autoregressive and moving average
parameters 1= - 0.63, ¢2= - 0.84, ¢3= - 0.17, ¢4= - 0.40 and 6= - 0.99 in
order to have the following characteristics: (a) the autoregressive polynomial
roots are equal to the values of 0.7 at frequency 0.4x and 0.9 at frequency
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0.7z indicating a mild “peak” at the frequency 0.4n and a stronger one at the
frequency 0.7z in the true spectrum of the error process and (b) the moving
average polynomial root is equal to the value of 0.99 at frequency zero
indicating a strong “hole” at this frequency in the true spectrum of the same
error process (see Figure (A.31)). We notice that the size of the unit root Tpr
— test statistic using the standard t — tests (tsig(5), tsig(10)) for the significance
on the last lag for the choice of the lag number k to be included in the
Augmented Dickey-Fuller autoregression is 10.08% (using the tsi4(5)) and
8.72% (using the ts4(10)) instead of 5% indicating significant size
distortions. The same conclusions hold for the size of the unit root Tpe — test
statistic when using the standard as well as the Corrected Information Criteria
(AIC, BIC, AICC, BICC) for the choice of the lag numberik tobe included in
the Augmented Dickey-Fuller autoregression. Furthermore, the size of the
unit root Tpr — test statistic using the Modified Anfarmation Criteria (MAICC,
MBICC) for the choice of the lag number k to be“included in the Augmented
Dickey-Fuller autoregression is 6.64% ftusing the MAICC) and 8.37% (using
the MBICC) instead of 5% which are by farybetter than the results obtained
using the previous lag length selection methods noting also here size
distortions. The sixth case that iSieonsidered in Table (B.26) is the same with
the fifth one with the difference that the autoregressive polynomial roots are
closer to the value of unitysindicating stronger “peaks” in the true spectrum of
the error processSTARMA(4, 1) (see Figure (A.32)). We also notice in this case
that the size of the/unit root tpr — test statistic is fairly close to the nominal
size(of 5%, meaning that the combination of a strong “hole” at frequency zero
and strong “peaks” at any frequency choices in the true spectrum of an error
process’does not produce significant size distortions to the Tpr — test statistic
when testing the unit root hypothesis in finite samples.

The case before the last one that is considered in Table (B.26) examine
the size performance of the Tpr — test statistic when the actual data generating
process is a unit root process (of T=100 observations) with errors that follow
an ARMA(2, 2) process of specified autoregressive and moving average
parameters ¢;= - 1.16, ¢»= - 0.98 and 0;= - 1.16, 06,= 0.98, respectively, in

order to have the following characteristics: (a) the autoregressive polynomial
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root is equal to the value of 0.99 at frequency 0.3x indicating a strong “peak”
at this frequency in the true spectrum of the error process and (b) the moving
average polynomial root is equal to the value of 0.99 at frequency 0.7x,
indicating a strong “hole” at this frequency in the true spectrum of the same
error process (see Figure (A.33)). We notice in this case that the size of the
unit root Tpr — test statistic is not distorted, meaning that a strong “hole” at a
frequency different from zero or a combination of a strong “hole” at a
frequency different from zero and strong “peaks” at any frequency choices in

the true spectrum of an error process does not produce significant size
distortions to the tTpr — test statistic when testing the unit«rootfhypothesis’in

finite samples. The last case that is considered in¢Table (B.26) and is

illustrated in Figure (A.34) leads to the same above conelusions:

6.7 SUMMARY

In this Chapter we analyzed“issues related to the selection of the
truncation lag number k that has towbe included in the Augmented Dickey-
Fuller autoregression before the application of the unit root Tpr — test statistic
proposed by Dickey and Fuller (2979) and Said and Dickey (1984). We have
mainly focused a@n the implications of the lower-bound condition (A2)
imposed by Said“and Dickey (1984) on the Dickey-Fuller distribution. Lag
length.&election procedures that do not satisfy this condition tend to select
trumeation lag numbers that are too small for some parameter values of an
error process. Standard Information Criteria based rules such as AIC and BIC
fit into this category.

A general feature of the presented Monte Carlo simulation analysis is
that an overly parsimonious model can have large size distortions, but an
overparameterized model may have low power. But the size problem is more
severe than the power loss in the sense that discrepancies in power across lag
length selection procedures diminish as T increases, but size distortions
persist even for large sample sizes for some methods of selecting the lag
number that has to be included in the Augmented Dickey-Fuller
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autoregression. In this regard, the standard t — test at the nominal size of 10%,
tsig(10), for the significance on the last lag according to the general-to-
specific scheme will have an advantage over standard Information selection
methods such as the AIC and BIC, because the former does not produce
significant size and power distortions to the Tpr — test statistic when it tests
the unit root hypothesis in finite samples not forgetting also that tend to
overparameterize in some cases. Furthermore, the Monte Carlo simulation
study has repeatedly shown a strong association between the lag number, k and
the severity of size distortions and/or power loss. The problem is that\while a
small k is adequate for finite order autoregressive errer processes and
autoregressive moving average error processes with small,maving average
polynomial roots, a large k is generally necessary for noise functions with a
moving average root that is close to unity and gspecially when the true
spectrums of these error processes indicate this-specific polynomial root at
frequency zero.

Ng and Perron (2001) provided an_impreved procedure for choosing the
lag number k that has to be included in the Augmented Dickey-Fuller
autoregression before the applicatien 'of the unit root tpr — test statistic. They
argued that the penalty k @ssigned to overfitting in standard Information
Criteria such as the AlC and " BIC underestimates the cost of a low order
model when the ‘unit root,process contains errors that have moving average
terms that indicatema®moving average polynomial root that is close to unity
and especially when“the true spectrum of these errors indicate this specific
polynomial roqt at frequency zero. For the latter case, they suggest a class of
Modified faformation Criteria (MICC) that takes better account of the cost of
underfitting. In particular, the Modified Akaike’s Information Criterion
(MAICC) is shown to lead to substantial size and power improvements over
standard Information Criteria and standard t — tests on the significance on the
last lag according to general-to-specific modeling scheme. The key distinction
between the Modified and standard Information Criteria is that the former
include a penalty factor that is sample dependent and take account of the fact

that the bias in the estimate of the sum of the autoregressive parameters is
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highly dependent on the lag number k that has to be included in the
Augmented Dickey-Fuller autoregression.

Our own Monte Carlo simulation analysis shows that the Modified
Information Criteria and especially the Modified Akaike Information
Criterion (MAICC) improve by far the size and power properties of the unit
root Tpr — test statistic especially in the case in which there are errors that are
modeled by a MA(1) process with a moving average polynomial root close to
unity.

To provide a deep insight into the issue of testing unit root hypotheses.in
finite samples and choosing the appropriate order for the Augmented Dickey-
Fuller autoregression in order the Augmented Dickey<Fuller unit root tTpr —
test statistic to have robust and satisfactory size and,’power properties we
study various error processes from their spectral perspective. Our own Monte
Carlo simulation analysis shows that (a) the unit root Tpr — test statistic is
being significantly distorted when there 1s strong and negative serial
correlation of the moving average type“at frequency zero with the MAICC
having the best performance (b) the®izesand power properties of unit root test
Tor — test statistic are not,significantly affected when there is serial
correlation of the autoregressive “type with any of the lag length selection
procedures and (¢) under ‘autoregressive moving average error processes,
when a strong moving average polynomial root at frequency zero is combined
with a strong autaregressive polynomial root elsewhere, the size distortions of
the unit root Tpr —test statistic for all the lag length selection methods are

reddeed the stronger the autoregressive polynomial root.
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CHAPTER 7

CONCLUSIONS

An enormous amount of analytical literature has been focused on testing
unit roots in time series. When the true process that generates the data is a
random walk, Fuller (1976) and Dickey-Fuller (1979, 1981) derived limiting
distributions of unit root test statistics, the so called Zpr and tpr Dickey-
Fuller test statistics, when the estimated model is (a) the“true 'model;, (b) a
random walk with shift in mean and (c) random walk with shift in mean and a
linear time trend. The distribution of the Dickey-Fullerunitroot test statistics
relied on the error process being white noise, and 50, these test statistics are
not valid if the error process is serially correlated. Such a restriction is a
considerable drawback in applying these tests to time series in practice.

Dickey-Fuller (1979, 1981) and Said, and“Dickey (1984) considered the
latter case and derived the limitingedistributien of the unit root test statistics
when the time series is an ‘auteregressive integrated of order 1 and
autoregressive integrated of, order 1 moving average process, denoted by
ARIMA(p,1,0) and ARIMA(p,1,q), respectively, with known p and g. These
are the so called Augmented Dickey-Fuller test statistics. In some
circumstances prand g, may be unknown, in which Said and Dickey (1984)
demonstrated that an ARIMA(p,1,q) process can be approximated by an
ARIMA(kT,1,0), process, the so called Augmented Dickey-Fuller
autoregression, where kr is a function of the sample size T and has to be
chosen S0 that to satisfy some certain assumptions and conditions. This is a
model selection problem. The usual statistical theory involves the selection of
a model using various procedures including applications of significance tests
such that of standard t — tests or maximization of specified criteria that work
in a satisfactory way under certain conditions such that of AIC and BIC.
These selection procedures are developed for giving satisfactory results
asymptotically, so Monte Carlo simulation analysis is needed for examining

their performance in finite samples.
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The Monte Carlo simulation experiments presented in the literature show
that when there are errors that are modeled by a moving average process of
order 1, denoted by MA(1), with a moving average polynomial root close to
unity, a high order Augmented autoregression is necessary for the unit root
test statistics to have good size and power properties, but selection criteria of
the type mentioned above tend to select the truncation lag kt that is very
small.

Ng and Perron (2001) considered a class of Modified Information
Criteria (MICC) with a penalty factor that is sample dependent. It takes into
account the fact that the bias in the sum of the autoregressive parameterseis
highly dependent on kr. These Criteria yield tests which-seemyto ‘be able to
keep the nominal size much better than the Standard Anformation Criteria
(AIC, BIC) do.

Our own Monte Carlo simulation analysisashows that the Modified
Information Criteria and especially the eMeodified Akaike Information
Criterion (MAICC) improve by far the sizesand power properties of the unit
root test statistics especially in thewcaseywhere there are errors that are
modeled by a MA(1) process with a moving average polynomial root close to
unity.

To provide a deep insightiinto the issue of testing unit root hypotheses in
finite samples and{choosing the appropriate order for the Augmented Dickey-
Fuller autoregression_in.order the Augmented Dickey-Fuller unit root test
statistics to have robust and satisfactory size and power properties we study
various error processes from their spectral perspective. Our own Monte Carlo

simulationganalysis shows that (a) the unit root Tpr — test statistic is being
significantly distorted when there is strong and negative serial correlation of
the moving average type at frequency zero with the MAICC having the best
performance (b) the size and power properties of unit root Tpr — test statistic

are not significantly affected when there is serial correlation of the
autoregressive type with any of the lag length selection procedures. A new
result of our own simulation study is that (c) under autoregressive moving
average error processes, when a strong moving average polynomial root at

frequency zero is combined with a strong autoregressive polynomial root
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elsewhere, the size distortions of the unit root tTpr — test statistic for all the

lag length selection methods are reduced the stronger the autoregressive

polynomial root.
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Figure A.6 — Density of the unit root Zpr — test statistic under case 1

0.4336

Figure A.7 — Density of the unit root Tpr — test statistic compared with
the standard Normal density (dashed curve) under case 1
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Figure A.8 — Density of the unit root Zpr —test statistic under case 2

0.5087

Figure A.9 — Density of the unit root Tpr — test statistic compared with
the standard Normal density (dashed curve) under case 2
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Figure A.10 — Density of the unit root Zp — test/statistic under case 4

0.5630

Figure A.11 — Density of the unit root Tpr — test statistic compared with
the standard Normal density (dashed curve) under case 4
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TRUE SPECTRUMS OF MOVING AVERAGE PROCESSES

WITH SPECIFIED PARAMETERS AND ROOTS

T=100 OBSERVATIONS

Figure A.12

Time

Figure A.13

Time

164

True spectrum of the
process Uy
where
us ~ MA(2)

with MA parameters:
91 £-043
05=), 0.49

and real MA root:
0.7 atfrequency 0.4w

(case 1in Table B.24)

True spectrum of the
process Ut
where

us ~ MA(2)

with MA parameters:
91 =-0.61
06,= 0.98

and real MA root:
0.99 at frequency 0.4x

(case 2 in Table B.24)



Figure A.14

Time

True spectrum of the
process Ut
where
us ~ MA(4)

with MA parameters:
0, =0.55
0,=1.25
93 =0.54
0,=0.96

and real MA roots:
0.99 at frequency"0.4x
0.997at frequency,0.7x

(case 3iin Table B.24)

True spectrum of the

o 4

Figure A.15

Time
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process Ut
where
Ut ~ MA(3)

with MA parameters:
0, =-0.99
0,= 098
0;=-0.97

and real MA roots:
0.99 at frequency 0
0.99 at frequency 0.5

(case 4 in Table B.24)



Figure A.16

Time

Figure A.17

Time
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True spectrum of the
process Ut
where
us ~ MA(3)

with MA
parameters:
91 =-0.8
92 = 0.64
0; =-0.51

and real MA roots:
0.8 at frequency 0
0:8"at frequeney 0.5n

(case 5 in Table B.24)

True spectrum of the

process Ut
where
us ~ MA(5)
with MA parameters:
0,=-154
0,= 179
93 =-1.78
0,= 150
95 =-0.95

and real MA roots:

0.99 at frequency 0
0.99 at frequency 0.3n
0.99 at frequency 0.6x

(case 6 in Table B.24)



Figure A.18

Time

True spectrum of the
process Ut
where
U ~ MA(3)

with MA parameters:
0, = 0.99
0,= 098
0;= 097

and real MA roots:
0.99 at frequency nt
0.99 at frequgney 0:57

(case ‘7-im"Table'B.24)

True spectrum of the

o 4

Figure A.19

Time
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84

process Ut
where
ut ~ MA(5)

with MA parameters:
91 = 0.44
6,=0.70
0; = 0.69
0,= 043
95 = 0.95

and real MA roots:
0.99 at frequency &
0.99 at frequency 0.3n
0.99 at frequency 0.6z

(case 8 in Table B.24)



TRUE SPECTRUMS OF AUTOREGRESSIVE PROCESSES

WITH SPECIFIED PARAMETERS AND ROOTS

T=100 OBSERVATIONS

20
1

10
1

Figure A.20

Time

I

Figure A.21

Time

168

True spectrum of
the process u;
where
U ~ AR(Z)

with AR parameters:
o1 Z.0.63.andg, =0.98

and real’AR root:
0.99 atfrequency 0.4x

(case 1 in Table B.25)

True spectrum of
the process u;
where
Uy ~ AR(G)

with AR parameters:

¢1=040, ¢,=-0.38
¢03=034, ¢,=-045
¢s=-0.39, g5 =-0.13

and real AR roots:
0.99 at frequency 0.2n
0.90 at frequency 0.6x
0.40 at frequency 0.8n

(case 2 in Table B.25)



True spectrum of
the process u;
where
ut ~ AR(3)

with AR parameters:
. ¢1=1.60, ¢, =-1.59
¢3=0.97

and real AR roots:
3 0.99 at frequency 0
0.99 at frequency 0.4n

Time (case 3'im Table B.25)

Figure A.22

® True spectrum of

the process uy
where

o u; ~ AR(3)

with AR parameters:
Eh Q1= - 0.61
¢2=-0.61
Q3= 0.97

and real AR roots:
0.99 at frequency 0
0.99 at frequency

0 10 20 30 40 50 0 . 87T

Time

(case 4 in Table B.25)

Figure A.23
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Figure A.24

Time

84

Figure A.25

Time

170

g4

True spectrum of
the process u;
where
us ~ AR(4)

with AR parameters:
Q1= 1.60
¢2=-1.96
¢3= 1.57
¢s=-0.96

and real ARyroots:
0.99at frequency,0.2w
0.99-atfrequency 0.5z

(case 5,1n Table B.25)

True spectrum of
the process u;
where

Ut ~ AR(5)

with AR parameters:

and real AR roots:
0.99 at frequency 0
0.99 at frequency 0.5x
0.99 at frequency 0.8n

(case 6 in Table B.25)



True spectrum of
the process u;
where
us ~ AR(5)

& with AR parameters:
P11 = - 2.59
9= -3.55
o4 P3 = - 3.51
@s= -251
Ps5 = - 0.95

andreal ARyroots:
‘ ‘ ‘ ‘ ‘ ‘ 0499 at frequency ©

Time 0.99 at'frequency 0.5z
0:99at frequency 0.8n

(case 7 in Table B.25)

Figure A.26
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TRUE SPECTRUMS OF AUTOREGRESSIVE MOVING AVERAGE

PROCESSES WITH SPECIFIED PARAMETERS AND ROOTS

T=100 OBSERVATIONS

True spectrum of the

Time

Figure A.28

Time

172

process Ut
where
ur ~ ARMA(2)1)

MA parameter:
0 =" 099
real MA root:
0.99at frequency 0
AR parameters:
P = - 0.31
@2 =-0.25
real AR root:
0.5 at frequency 0.6x

(case 1in Table B.26)

True spectrum of the
process Ut
where
ur ~ARMA(2,1)

MA parameter:
=-0.99
real MA root:
0.99 at frequency 0
AR parameters:
¢1=-0.43
QP2 =- 0.49
real AR root:
0.7 at frequency 0.6@

(case 2 in Table B.26)



True spectrum of the
process Ut
where
us ~ARMA(2,1)

MA parameter:
0=-0.99
8- real MA root:
0.99 at frequency 0
AR parameters:
P1=- 0.56
¢, =-081
! ‘ ‘ : : : real AR root;
0 10 * ® © % 0.9 atfrequency 0.6a

Time

(case,3 inyTable B.26)

Figure A.29

True spectrum of the
process Ut

s where

ur ~ARMA(2,1)

° MA parameter:
0=-0.99
real MA root:
0.99 at frequency 0
AR parameters:
o P1=- 0.61
¢, =-0.98
real AR root:
0.99 at frequency 0.6x

Time

(case 4 in Table B.26)

Figure A.30

173



Figure A.31

Time

True spectrum of the
process Ut
where

us ~ARMA(4,1)

MA parameter:
0=-0.99
real MA root:
0.99 at frequency 0
AR parameters:
¢1=-0.63
P2 =- 0.84
P3=- 0.17
¢4 =%0.40
reabh AR roots:
0.7 at.frequency 0.4w

0.9 at frequency 0.7#

(case 5 in Table B.26)

True spectrum of the

Figure A.32

Time
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process Ug
where
uc ~ ARMA(4,1)

MA parameter:
0=-0.99
real MA root:
0.99 at frequency 0
AR parameters:
¢1=-0.44
QP2 =- 0.10
¢3=-0.43
¢s=-0.96
real AR roots:
0.99 at frequency 0.3n
0.99 at frequency 0.8

(case 6 in Table B.26)



True spectrum of the

Figure A.33

Time
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Figure A.34

Time
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process Uy
where
ut ~ ARMA(2,2)

MA parameters:
91 =-1.16
0,= 0.98
real MA root:
0.99 at frequency 0.3n
AR parameters:
¢1=-1.16
¢, =- 098
real ARoot:
0.99at freguency 0.7n

(casey’ in Table B.26)

True spectrum of the
process Ut
where
ur ~ARMA(4,1)

MA parameter:
0=-0.99
real MA root:
0.99 at frequency ©
AR parameters:

Q1 =- 0.44

¢2,=-0.10

Q3 =- 0.43

¢s=-0.96

real AR roots:
0.99 at frequency 0.3n
0.99 at frequency 0.8n

(case 8 in Table B.26)
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Sizeand Power of theunit root Tpg —test statistic , Moving Average Case, T=100
Table B.3 Specified nominal size o =0.05
(5,000 simulations)
p 0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10
1.0 |08 |0.123 0.031 0.075 0.037 0.062 0.041 0.062 0.041 0.051 0.041
1.0 105 |0.103 0.047 0.065 0.052 0.057 0.054 0.053 0.053 0.051 0.048
1.0 103 0073 0051 0.055 0.056 0.053 0.047 0.050 0.048 0.045 0.046
1.0 |0 0.049 0.048 0.046 0.044 0.046 0.044 0.045 0.044 0.044 0.041
1.0 1-03 10.091 0.062 0.057 0.052 0.052 0.048 0.049 0.048 0.048 0.045
1.0 1-0.5 (0214 0.099 0.068 0.055 0.051 0051 0.052 0.050 0.045 0.048
1.0 1-0.8 |0.880 0.640 0.434 0.283 0.200 0.132 0.110 0.082 0.074 0.060
095 |08 0307 0.044 0.176 0.058 0.129 0.064 0.106 0.067 0.085 0.064
055 |05 0237 0074 0.130 0.08% 0.103 0.086 0.086 0.079 0.077 0072
055 103 |0.162 0.088 0.101 0.092 0.092 0.085 0.087 0.081 0.075 0.069
05 10 0.117 0.111 0.108 0.102 0.099 0.093 0.083 0.082 0.080 0.068
055 |-03 0219 0.13% 0.122 0.108 0.100 0.091 0.094 0.089 0.087 0.081
095 |-0.5 | 0477 0246 0.157 0.115 0.104 0.087 0.085 0.081 0.078 0.069
095 |-0.8 |0.997 0.941 0.782 0.584 0.444 0329 0.255 0.203 0.164 0.130
085 |08 |0.788 0201 0.524 0.212 0.379 0203 0.278 0.166 0.207 0.149
085 |05 |0.708 0316 0.425 0.297 0.308 0252 0.239 0.203 0.191 0.169
085 |03 0598 0393 0.395 0.334 0.306 0267 0.241 0.214 0.196 0171
085 [0 0.510 0436 0.399 0.343 0.316 0271 0.251 0.218 0.193 0.166
085 |-0.3 |0.746 0.540 0.452 0.376 0.344 0287 0.266 0.233 0.209 0.176
085 |-0.5 091 0.77% 0.614 0.482 0.423 0353 0.315 0.275 0.242 0208
0.85 |-0.8 |1.000 1.000 0.936 0.956 0.886 0.758 0.671 0.565 0.483 0399
k
DGP: Vo=@V, _ Y s U =E —6‘5{_1 Regression : ¥, =l;[}"1.ir—1 + § :fﬂ'l‘r—f &y

Source: Ng & Perron (1995), Table (1)
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Size and Power of the unit root Tpr — test statistic , Autoregressive Case, T=100

Table Specified nominal size a = 0.05
B4 (5,000 simulations)

P o1 |9 | @1 | P4 k=l | k=2 =3 k=4 =5 k=6 k=7 =8 =9 | k=10
1.0 J06 |00 (00 (00 J0.058 |0.055 |0.057 |0053 |0053 |0.053 [0.058 [0.055 |0.055 |0052
1.0 |-06 |00 (00 |00 J0.054 0054 |0.054 |0052 |0052 |0.047 (0045 [0.043 |0.044 |0043
1.0 J04 |02 (00 |00 J0.033 (0052 (0052 |0051 |0050 |0.052 [0.050 [0.048 |0.047 |0.046
1.0 03 |03 (025 [0.14]0.062 |0.034 |0.038 |0051 |0054 |0.052 [0.050 [0.047 |0.048 |0052
055 J06 [00)|00 |00 J0391|0346 |0320 |0281 [0260 (0225 |0210 |0.191 |0.178 |0.154
085 ]-06 |00 |00 |00 0078|0075 |0.073 |0.068 |0070 [0.061 |0.061 |[0.058 |0.05 |0055
055 104 |02 |00 |00 0125|0354 |0328 |0288 |0275 [0237 (0225 [0204 |0.1% |0.165
085 103 |03 (025 [0.14]0.137 |0.650 |0.865 |0503 |0876 |0.814 |0.763 |0.675 |0.608 |0522
085 J06 |00 |00 |00 J0576|0938 |0.883 |0805 |0.720 [0.626 |0.3560 |0479 |0435 |0357
085 |-06 |00 |00 |00 J0252|0224 |0207 |0188 |0.171 [0.159 |0154 |0.134 |0.129 |0122
085 104 |02 |00 |00 0818|0933 |0.88% |079% |0.718 |[0.626 |03560 [0479 |0435 |0357
085 103 |03 025 [0.14]0.688 |0.664 |0991 |0593 |0984 |[0.960 (0908 |0.827 |0.748 |0647

4 I
DGP: Vo= 4t .E r;iiA}'{_i +£, Regression : Yy, = 4 Y17 b g"{,m{_!—sfk

i=1 i

Source: Ng & Perron (1995), Table (2)
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Table B.5 Frequency Count of the Selected Lag Lengths k, Moving Average Case, T=100 (5,000 simulations)
Method =1 k=1 k=3 k=4 k=5 k=0 =7 k=8 =0 k=10
6=0.8

0.01 0.028 |0.115 0.131 0.149 0.113 0133 0.104 0.121 0.102
tsig(lu}
0.013 0.103 | 0210 0.157 0.147 0.092 0.087 0.063 0.065 0.053
t5ig(3)
0.016 0.149 0325 0.219 0.150 0.069 0.03% 0.020 0.00% 0.005
AIC
0.151 0.381 | 0326 0.100 0.035 0.004 0.001 0.001 0.000 0.000
BIC
6=0.3
0.304 0.081 |0.067 0.055 0.05% 0.062 0074 0.079 0.086 0.086
tsi5(10)
0.468 0.071 |0.047 0.040 0.038 0.03% 0.043 0.031 0.043 0.03%
tsig(s)
0.676 0.131 |0.037 0.013 0.007 0.002 0.002 0.001 0.000 0.000
AIC
0.611 0.037 |0.004 0.001 0.000 0.000 0.000 0.000 0.000 0.000
BIC
6=-0.5
0.220 0.189 |0.07% 0.061 0.058 0.068 0.06% 0.077 0.077 0.083
tﬂg(lﬂ)
0.387 0212 |0.054 0.041 0.03% 0.041 0.041 0.041 0.041 0.039
tng(s)
0.484 0331 |0.073 0.025 0.011 0.007 0.003 0.001 0.000 0.000
AIC
0.621 0.16% |0.016 0.003 0.000 0.000 0.000 0.000 0.000 0.000
BIC
6=-0.8
0.074 0.113 |0.108 0.116 0.076 0.087 0075 0.092 0.080 0.085
tig(10)
0.123 0.162 |0.121 0.100 0.061 0.065 0.045 0.047 0.045 0.041
tig(5)
0.197 0225 |0.146 0.081 0.033 0.01% 0.008 0.003 0.002 0.001
AIC
0.264 0.172 | 0.056 0.01% 0.002 0.000 0.000 0.000 0.000 0.000
BIC
s o k -
DGP: Yo=Y,y ths Hr=£r_6£r—1 Regression : A}E=g0}i_1— § :_{.A}E_E—sik

Source : Ng & Perron (1995), Table (4)
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Table Frequency Count of the Selected Lag Lengths k , Autoregressive Case, T=100 (5,000 simulations)
B.6
Method =1 k=2 =3 k=4 k=5 k=6 k=7 k=8 =9 k=10
01=0.6 , =0.0, ¢:=0.0, ¢s=0.0
0.407 0.045 | 0.047 0.051 0.057 0.064 0071 0.078 0.051 0089
tsig(10)
0.644 0.037 |0.033 0.033 0.037 0.042 0.040 0.043 0.047 0.044
tsig(5)
0.878 0.075 | 0.027 0.010 0.004 0.002 0.001 0.001 0.001 0.000
AIC
0.976 0.020 | 0.003 0.000 0.000 0.000 0000 0.000 0.000 0.000
BIC
0=~ 0.0 . q)2=0.[| . q)3=0.[| . q)_1=[|.[|
0.407 0.04% | 0.051 0.050 0.060 0.06% 0068 0.076 0.081 0.0%0
tsig(10)
0.652 0.036 |0.037 0.0335 0.041 0.040 0036 0.040 0.040 0.044
Le(5)
0.866 0.086 |0.027 0.011 0.006 0.003 0000 0.000 0.000 0.000
AIC
0.978 0.018 |0.002 0.001 0.000 0.000 0.000 0.000 0.000 0.000
BIC
IP1=|].4 . q>2=I].2 . IP_;:U.U . q)_{:'].ﬂ
0.200 0242 |0.055 0.057 0.060 0.058 0073 0.070 0.092 0089
tig(10)
0.391 0285 |0.038 0.039 0.038 0.038 0.043 0.033 0.042 0.044
tsig(3)
0.455 0443 |0.057 0.021 0.008 0.003 0.002 0.001 0.001 0.000
AIC
0.680 0277 | 0.008 0.001 0.000 0.000 0000 0.000 0.000 0.000
BIC
q}1:U.3 s q}zzﬂ.:! N q>3=l].25 N q}4:'].14
0.008 0.085 |0.2%9 0.14% 0.059 0.063 0067 0.078 0.084 0,092
tsig(10)
0.023 0.192 | 0.388 0.137 0.034 0.037 0.042 0.047 0.043 0.046
tsig(5)
0.026 0.196 | 0.454 0.204 0.035 0.016 0.007 0.003 0.001 0.001
AIC
0.082 0365 | 0419 0.076 0.005 0.002 0000 0.000 0.000 0.000
BIC
4 N . - k -~
DGP: yi =y 1+ P Regression: y =y 1+ § T

i= i=1

Source : Ng & Perron (1995), Table (5)

182




Size and Power of the unit root Tpr — test statistic
Moving Average Case
Table T=100, ky,x=10
B.7 Specified nominal size o = 0.05
(5,000 smulations)

p 6 tsig(10) tiig(5) AIC BIC
1.0 0.8 0.069 0.073 0068 0.071
1.0 0.5 0.083 0087 0082 0.088
1.0 03 0.075 0.077 0070 0.069
1.0 0 0.063 0.059 0052 0.046
1.0 -03 0.097 0126 0127 0.174
1.0 -05 0.116 0158 0.167 0.244
1.0 -0.8 0.304 0424 0561 0.733

0.95 0.8 0.136 0.151 0.146 0.158
0.95 0.5 0.164 0184 0170 0.196
0.95 03 0.158 0.162 0152 0.144
0.95 0 0.153 0.151 0.140 0.126
0.95 -03 0.228 0292 0294 0.393
0.95 -05 0.254 0336 0377 0.510
0.95 -0.8 0.534 0.704 0877 0.963
0.85 0.8 0.347 0387 0405 0.451
0_85 0.5 0445 0.510 0520 0.586
0.85 03 0.465 0.513 0536 0.505
0_85 0 0.486 0.540 0530 0.575
0.85 -03 0.555 0.682 0.758 0.859
0.85 -05 0.627 0.753 0860 0.936
0.85 -0.8 0.825 0.908 0996 1.000

DGP: Vo=@, _ tu . ou =£E—6'£

k
Regression : Yo=£&o¥ + ¥ J Ay, . +s£

Source : Ng & Perron (1995) , Table (6)
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Sizeand Power of the unit root Tpr — test statistic
Autoregressive case
Table B.8 T=100, kyax =10
Specified nominal size a = 0.05
(5.000 simulations)

p P P2 U] P4 tig(10) | t(S) AIC | BIC

1.0 0.6 0.0 0.0 0.0 0078 0.075 0.066 0.060

1.0 [-0.6 0.0 0.0 0.0 0.068 0.066 0.066 0.060

1.0 0.4 0.2 0.0 0.0 0.066 0.062 0055 0.047

1.0 0.3 0.3 0.25 0.24 0.066 0.062 0058 0.052
095 0.6 0.0 0.0 0.0 0371 0.399 0404 0394
095 |-0.6 0.0 0.0 0.0 0.101 0.09% 0.087 0.080
095 0.4 0.2 0.0 0.0 0346 0.336 0338 0267
095 0.3 0.3 0.25 0.24 0822 0.840 0836 0837
0.85 0.6 0.0 0.0 0.0 0782 0.870 0.960 0972
085 |-0.6 0.0 0.0 0.0 0269 0.274 0268 0256
0.85 0.4 0.2 0.0 0.0 0.763 0.824 0.899 0.867
0.85 0.3 0.3 0.25 0.24 0901 0.937 0976 0.947

4 y
DGP: v =g, —.E @iﬁ}r—f_gr
i=1
k
: . o= =~ v S Ay +
Regression : Yo=Yy jl,:f_’\}f_z £

Source : Ng & Perron (1995) , Table (7)
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Size of theunitroot Tpr —test statistic
Moving Average Case

Table T=200, ky,.=12
B.9 Specified nominal sizea =0.05
(5,000 simulations)

p ] ti(10) izl ) AIC BIC
1.0 0.8 0.056 0.060 0.059 0.063
1.0 0.5 0.061 0.064 0.056 0.064
1.0 0.3 0.061 0.064 0.061 0.066
1.0 0 0.064 0.066 0.059 0.057
1.0 -0.3 0.067 0.076 0.076 0.102
1.0 -0.5 0.085 0.110 0.121 0.168
1.0 -0.38 0.177 0.250 0.366 0.557

DGP: y, =pv +u M, =g, +0s

Regression : Yi=5%o¥

Source : Ng & Perron (1995) , Table (6)
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Table B.11

Frequency Count of Selected Lag Lengths k, Moving Average Case, T =100

(5,000 simulations)

Method k=1 k=2 k=3 k=4 k=5 k=6 =7 k=8 =9 k=10
8=0.8
00016 0.051 0.1682 02122 0.1816 0.1362 0.0956 0.065 0.0492 0.0394
AICC
0.0704 0.3332 | 034 0.16 0.0682 0.0206 00056 0.0016 0.0002 0.0002
BICC
0.0028 0.0666 | 0.1704 0.2364 0.157 0.1462 0.0736 0.00684 0.0408 0.0378
MAICC
0.08 0396 | 02566 0.1816 0.0456 0.02%96 0.006 0.0028 0.0008 0.001
MBICC
8=0.5
02112 03844 | 01802 0.085 0.0528 0.0282 00234 0.013 0.0112 0.0106
AICC
0.5854 0.3402 | 0.0578 0.0102 0.0016 0.0004 o 0.0002 0.0002 ]
BICC
0.2068 04134 | 01602 0.0954 0.0482 0.028 0018 0.0138 0.0074 0.0088
MAICC
0.511 04234 | 0.0426 0.0166 0.0022 0.0026 0.001 0.0004 o 0.0002
MBICC
8= 0.3
0.5892 0.2012 | 0.0776 0.0424 0.0292 0.02 0011 00116 0.0102 0.0076
AICC
0.854 0.0924 | 0.00%96 0.0032 0.0006 0.0002 1] o ] o
BICC
0.5824 01958 | 0.0938 0.0432 0.0262 0.0188 00122 00114 0.0076 0.0086
MAICC
08188 01518 |0.0168 0.0082 0.0018 0.0018 00006 o o 0.0002
MBICC
8=-0.3
0613 01948 | 0.0652 0.0458 0.0224 0.0134 0012 00122 0.007 0.00%2
ATCC
08574 0.0852 | 0.0104 0.0028 0.0002 ] 1] o ] o
BICC
0.5786 02206 |0.072 0.0484 0.0224 0.0154 0.0106 0.013 0.0068 0.0082
MAICC
0817 0139 0.02% 0.0078 0.004 0.0014 0.0006 00006 0.0004 0.0002
MBICC
=-0.5
0.2702 0.3732 | 0.1586 0.0756 0.0426 0.0286 00174 0.0142 0.0086 0011
AICC
0.6298 0.3106 | 0.0482 0.0102 0.0012 ] ] ] ] ]
BICC
0.191 0393 0.1796 0.0938 0.0456 0.0322 00206 00168 0.0118 00116
MAICC
04208 04006 |0.1134 0.0416 0.0124 0.006 1] o 0.0006 00006
MBICC
6=-0.8
0.0666 0.1422 | 01756 0.1934 01352 0.1084 0.0592 00488 0.0314 0.0302
AICC
0.2846 03566 |0.21 0.0984 0.0324 0.0126 00044 00008 0.0002 o
BICC
0.0016 0.0332 | 0.1054 0.1966 0.1688 0.1622 0.0998 0.0938 0.0676 0071
MAICC
0.0092 01316 | 02174 0.2334 0.1468 0.1106 00532 0.044 0.0272 0.0266
MBICC
- -~ k -
DGP : =¥t . z{{:s{—ﬁ‘s{ 1 Regression : A}{::_OJ.{_I— § "iﬂ'z—z e
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Table B.12

Frequency Count of Sdected Lag Lengthsk , Autoregressive Case, T=100 (5,000 simulations)

Method =1 k=2 =3 k=4 k=5 k=6 k=7 k=8 =0 k=10
01=0.6, :=0.0, 0:=0.0, 9s=0.0
0.723 0.116 | 0.056 0.041 0.015 0.016 0.007 0.0011 0.008 0.007
AICC
0.952 0.038 |0.007 0.002 0 0.001 0 0 0 0
BICC
0.702 0.127 | 0.062 0.041 0.02 0.02 0009 0.008 0.007 0.007
MAICC
0.917 0061 |0.011 0.008 0.002 0 0 0 0.001 0
MBICC
P1=- 0.0 . q};zﬂﬂ . l])_;:ﬂﬂ . l])4=ﬂ.ﬂ
0.732 0.101 | 0.05 0.036 0.027 0.014 0011 0.01 0.01 0009
AICC
0.953 0.03% |0.003 0.005 0 0 0 0 0 0
BICC
0.727 0.101 | 0.05 0.042 0.022 0.016 0013 0.012 0.01 0.007
MAICC
0.923 0.051 |0.012 0.00%9 0.001 0.003 0 0 0 0.0010
MBICC
q}lzﬂ.“-, q};=ﬂ.2 . q}_;:ﬂ.ﬂ, l]u:ﬂ.ﬂ
0.274 0.456 | 0.109 0.063 0.031 0.017 0013 0.013 0.012 0012
AICC
0.621 0.348 | 0.023 0.005 0.001 0.002 0 0 0 0
BICC
0313 0431 |0.098 0.063 0.033 0.017 0013 0.012 0.011 0009
MAICC
0.674 0.28% | 0.028 0.006 0.001 0.001 0 0 0 0.001
MBICC
q}1=I].3 . q>2=I].3 . q>3=ﬂ.25 . I]}4=|].14
0.705 0.127 | 0.063 0.034 0.021 0.019 0012 0.008 0.003 0.008
AICC
0.964 0.027 |0.007 0.002 0 0 0 0 0 0
BICC
0.7112 0.113 | 0.069 0.037 0.02 0.017 0012 0.008 0.006 0.006
MAICC
0.914 0.063 |0.017 0.003 0.001 0.001 0.001 0 0 0
MBICC
4 N . - k -
DGP: Vo=@ 7 .E @fﬂ}f_f—si Regression : Ye=Sog¥ 1T § &Ay it
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Size of the unit root Tpr — test statistic

TableB.13 Moving Average Case, T =100
kmax=10, Specified nominal size a =0.05
(5.000 simulations)

p i AICC BICC MAICC MEICC
1.0 0.8 0.0586 0.0638 0.0276 0.0216
1.0 0.5 0.0612 0.0646 0.0316 0.0382
1.0 0.3 0.0598 0.0642 0.0364 0.0442
1.0 -0.3 0.0664 0.0754 0.0402 0.05304
1.0 -0.5 0.1022 0.1442 0.055 0.0688
1.0 -0.8 0.229 0.4078 0.083 0.0964

DGP : Vo=, _qtu

Regression: v =7 _vy +
g “t 01
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Size of the unit root Tpr —test statistic
Moving Average Case, T =250

TableB.14 Kmsx=12 , Specified nominal size o = 0.05
(5.000 simulations)

p ] ATICC BICC MATICC MBICC
1.0 0.8 0.0502 0.0526 0.0336 0.024
1.0 0.5 0.0498 0.0534 0.0322 0.0326
1.0 0.3 0.0474 0.0356 0.0334 00418
1.0 -0.3 0.0624 0.079 0.045 0.0574
1.0 -0.5 0.0756 01162 00466 00648
1.0 -0.8 0.1678 03282 0.0778 0.1054

DGP : J.'r=,.:11.'_{_1—u_Lr . HE=EE_$EE—1
- - -Ii‘ld- a
Regression : Yo=Sog¥. 7 § :iﬁ}r_r—srk
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Size of the unit root Tpr — test statistic

TableB.15 Moving Average Case, T =500
kmax=14, Specified nominal size a =0.05
(5.000 simulations)

P i AICC BICC MATICC MEICC
1.0 0.8 0.052 0.0516 0.044 0.0356
1.0 0.5 0.0572 0.0544 0.0506 0.0428
1.0 0.3 0.0504 0.0588 0.044 0.049
1.0 -0.3 0.058 0.071 0.05 0.0588
1.0 -0.5 0.0608 0.092 0.0514 0.0676
1.0 -0.8 0.1134 0.2358 0.0787 0.1154

DGP: Y, =Py, _tu

Regression: ¥
i
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Size and Power of theunit root Tpr —test statistic
Autoregressive Case, T =100, ky,x=10
TableB.19 Specified nominal size a = 0.05
(5,000 simulations)

P i} AICC BICC MAICC MBICC
1.0 0.8 0.05 0.04 0038 0039
1.0 0.5 0054 0.047 0.036 0038
1.0 0.3 0.066 0.061 0.045 0051
1.0 -0.3 0.065 0058 0.037 0.042
1.0 -0.5 0.049 0.047 0.035 0.037
1.0 -0.8 0.061 0.052 0.037 0.041

0.95 0.8 0285 0278 0209 024
0.95 0.5 0317 0313 0248 0278
0.95 0.3 0.345 0.343 0263 0297
0.95 -0.3 0355 0355 0279 0305
0.95 -0.5 0353 0353 0272 0302
0.95 -0.8 0346 0353 0241 0283
0.85 0.8 0649 0.693 0.544 0594
0.85 0.5 0817 0.868 067 0754
0.85 0.3 0878 05921 0711 081
0.85 -0.3 0.897 0958 0.734 0805
0.85 -0.5 0917 0958 0.751 D815
0.85 -0.8 0925 0961 0.704 0757
DGP: IR T T I T
k
Regression : Y, =;”DJ.'_Lr 47 5 :zmr—z ey
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Sizeand Power of the unit root Tpr — test statistic

Autoregressive Case, T =250, ky,,=12

Table B.20 Specified nominal size u =0.05
(5,000 simulations)

P i} AICC BICC MAICC MBICC
1.0 0.8 0.052 0.05 0.042 0.046
1.0 0.5 0.066 0.062 0.052 0.056
1.0 0.3 0.051 0.05 0.044 0.04%9
1.0 -0.3 0.053 0.052 0.044 0.047
1.0 -0.5 0.058 0054 0.043 0.048
1.0 -0.8 0.041 0.041 0.035 0.037

0.95 0.8 0.76 0.791 0.707 0.768
0.95 0.5 0.851 0.869 0.797 0.844
0.95 0.3 0.54 0.863 0.777 0.831
0.95 -0.3 0.882 0503 0.828 0.879
0.95 -0.5 0.88 0.894 0.79%9 0.86
0.95 -0.8 0.881 0903 0.812 0.868
0.85 0.8 0.99 0998 0.952 0.988
0.85 0.5 0.998 1.000 0.987 0.994
0.85 0.3 1.000 1.000 0.992 0.997
0.85 -0.3 0.998 1.000 0.981 0.99
0.85 -0.5 1.000 1.000 0.995 0.997
0.85 -0.8 0.998 1.000 0.984 0.987
DGP: R T e e i R
k
Regression : Y, =;”DJ.'_Lr 47 5 :zmr—z ey
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Size of the unit root Tpr —t

est statistic

Autoregressive Case, T=500, ky..=14

TableB.21 Specified nominal size a = 0.05
(5,000 simulations)

p i} AICC BICC MAICC MBEICC
1.0 0.8 0.048 0.043 0.043 0.047
1.0 0.5 0.047 0.051 0.042 0.047
1.0 0.3 0.053 0.051 0.04% 0.051
1.0 -0.3 0.047 0.042 0.042 0.041
1.0 -0.5 0.052 0.0438 0.043 0.045
1.0 -0.38 0.044 0.037 0.036 0.036

DGP: Fe TR TR T T
k
H . ro= " ' 52 A a2
Regression : J.E "D"lr—l iilbfj}r_r E.‘_er_
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Size and Power of the unit root Tpr — test statistic
Moving Average Case, T =100, ky,,=10

TableB.22 Specified nominal size a = 0.05
(5,000 simulations)

p B AICC BICC MAICC | MBICC
1.0 0.8 0.0586 0.0638 0.0276 0.0216
1.0 0.3 00612 0.0646 0.0316 0.0382
1.0 0.3 0.0598 0.0642 0.0364 0.0442
1.0 -0.3 0.0664 0.0754 0.0402 0.0504
1.0 -0.3 0.1022 0.1442 0.055 0.0688
1.0 -0.8 0229 04078 0.083 0.0964

0.95 0.8 0272 0.321 0.159 0.165
0.95 0.3 0351 0.398 0.248 0.261
0.95 0.3 0.353 0.392 0.274 0.314
0.95 -0.3 0.398 0.451 0.303 0.347
0.95 -0.3 0491 0.644 0.322 0.374
0.95 -0.8 0.782 0.951 0.382 0.424
085 0.8 0.728 0.79 0.5325 0.598
085 0.3 0813 0.88 0.655 0.734
0.85 0.3 0.893 0.945 0.735 0.806
085 -03 0914 0.973 0.7 0.79

085 -0.3 0.93 0.984 0.684 0.741
085 -0.8 0982 1.000 0.834 0.846

DGP : _:L'E =,q1.'_{_1—ar s

Regression :

v
I
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Size and Power of the unit root Tpr — test statistic

Moving Average Case , T =250 , kp,x=12

TableB.23 Specified nominal size o = 0.05
(5,000 simulations)

p B AICC BICC MAICC | MBICC
1.0 0.8 0.0502 0.0526 0.0336 0.024
1.0 0.3 00498 0.0534 0.0322 0.0326
1.0 0.3 0.0474 0.056 0.0354 0.0418
1.0 -0.3 0.0624 0.079 0.045 0.0574
1.0 -0.3 0.0736 0.1162 0.0466 0.0648
1.0 -0.8 0.1678 03282 0.0778 0.1054

0.95 0.8 0.749 0.788 0.661 0.674
0.95 0.3 0.83 0.848 0.758 0.784
0.95 0.3 0.848 0.896 0.765 0.83%
0.95 -0.3 0.88 0.943 0.802 0.867
0.95 -0.3 0897 0.972 0.799 0.869
0.95 -0.8 0964 1.000 0.875 0.887
085 0.8 0993 0.999 0.978 0.986
085 0.3 0998 1.000 0.991 0.995
0.85 0.3 1.000 1.000 0.98% 0.991
085 -03 1 000 1.000 0.996 0.997
085 -0.3 0.999 1.000 0.997 0.998
085 -0.8 1 000 1.000 1.000 1.000

DGP : J.'E=,q1.'r_1—u s ur=£_{—€£

Regression :

Y o= ¥
vr _Dv
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