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ABSTRACT 

 

Christodoulos Komninakidis 

 

DICKEY – FULLER (ADF) UNIT ROOT TESTING: METHODS 
FOR THE LAG LENGTH SELECTION 

 

    June 2004 

 

     In this thesis we discuss various methods for the selection of the number of 

lagged differences (lag length selection) that have to be included in an Augmented 

Dickey-Fuller autoregression in the context of testing the Hypothesis of a Unit root. 

The asymptotic properties of the test statistics under various lag length selection 

procedures proposed in the Literature are presented. Moreover, we discuss Monte 

Carlo simulation experiments from the Literature, in order to investigate the 

behavior of the various methods in finite samples. Finally, we conduct our own 

comparative Monte Carlo simulation study.  

     In the theoretical part, as well as in the simulation experiment, we focus 

particularly on a class of Modified Information Criteria (MICC) proposed by Ng and 

Perron (2001). These Criteria yield tests, which seem to be able to keep the nominal 

size much better than the Standard Information Criteria (AIC, BIC) do.  

     Our own Monte Carlo simulation analysis shows that the Modified Information 

Criteria have desirable size and power properties for the Dickey -Fuller unit root test 

statistics and in particular we (a) confirm the well known result that the size of the 

unit root test statistics is being significantly distorted when there is strong and 

negative serial correlation of the moving average type at frequency zero; this is less 

so with the Modified Akaike’s Information Criterion (MAICC) which has the best 

performance, (b) we also show that the size and power properties of unit root test 

statistics are not significantly affected when there is serial correlation of the 

autoregressive type with any of the lag length selection procedures. A new result 

from our simulation is that (c) under autoregressive moving average error processes, 

when a strong moving average polynomial root at frequency zero is combined with a 

strong autoregressive polynomial root elsewhere, the size distortions of the unit root 

test statistics for all the lag length selection methods are reduced the stronger the 

autoregressive polynomial root.      



 

 8 

ΠΕΡΙΛΗΨΗ 

 

Χριστόδουλος Κομνηνακίδης 

 

ΕΛΕΓΧΟΙ DICKEY – FULLER (ADF) ΓΙΑ ΜΟΝΑΔΙΑΙΑ ΡΙΖΑ: ΜΕΘΟΔΟΙ ΓΙΑ ΤΗΝ ΕΠΙΛΟΓΗ ΤΗΣ 
ΤΑΞΗΣ ΤΗΣ ΑΥΤΟΠΑΛΙΝΔΡΟΜΗΣ ΕΞΙΣΩΣΗΣ ADF 
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     Στην παρούσα διατριβή αναλύουμε την επιλογή της τάξης της 

Αυτοπαλίνδρομης Εξίσωσης των Dickey – Fuller (ADF) στα πλαίσια τoυ 

ελέγχου της Υπόθεσης της μοναδιαίας ρίζας. Παρουσιάζονται οι 

ασυμπτωτικές ιδιότητες των στατιστικών ελέγχων Dickey – Fuller όταν 

χρησιμοποιούν διάφορες μεθόδους επιλογής της τάξης της Αυτοπαλίνδρομης 

Εξίσωσης. Επιπλέον, παρουσιάζονται και αναλύονται Monte Carlo πειράματα 

προσομοίωσης που ήδη έχουν αναφερθεί στην Βιβλιογραφία με σκοπό την 

εξερεύνηση της συμπεριφοράς των παραπάνω στατιστικών ελέγχων σε 

πεπερασμένα δείγματα δεδομένων. Στο τέλος παρουσιάζουμε δικά μας 

συγκριτικά Monte Carlo πειράματα προσομοίωσης.  

     Στο θεωρητικό και εμπειρικό μέρος της διατριβής, δίνεται έμφαση σε μια 

οικογένεια τροποποιημένων κριτηρίων (MICC) για την επιλογή της τάξης της 

Αυτοπαλίνδρομης Εξίσωσης ADF που προτάθηκε από τους Ng και Perron 

(2001). Τα συγκεκριμένα κριτήρια φαίνεται να έχουν πόλυ καλύτερη απόδοση 

από την άποψη των Σφαλμάτων τύπου Ι και ΙΙ από τα κλασσικά κριτήρια 

όπως το AIC και το BIC στα πλαίσια τoυ ελέγχου υποθέσεων για μοναδιαία 

ρίζα. 

     Τα δικά μας Monte Carlo πειράματα προσομοίωσης δείχνουν ότι τα 

τροποποιημένα κριτήρια (MICC) οδηγούν τα στατιστικά τεστ των Dickey – 

Fuller σε επιθυμητές στατιστικές ιδιότητες και συγκεκριμένα (α)  

επιβεβαιώνουμε το γνωστό από τη βιβλιογραφία αποτέλεσμα ότι έχουμε 

σημαντικές αποκλίσεις του σφάλματος Τύπου Ι από την ονομαστική τιμή στην 

περίπτωση που υπάρχει ισχυρή αρνητική αυτοσυσχέτιση τύπου Κινητού 

Μέσου στην συχνότητα μηδέν. Το τροποποιημένο κριτήριο του Akaike 

(MAICC) παρουσιάζει τις μικρότερες αποκλίσεις και έχει την καλύτερη 
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απόδοση.  Δείχνουμε ότι (β) όποιο κριτήριο και να εφαρμόσουμε δεν έχουμε 

σημαντικές αποκλίσεις του σφάλματος Τύπου Ι στην περίπτωση της ύπαρξης 

αυτοσυσχέτισης Αυτοπαλίνδρομου τύπου και τέλος (γ) στην περίπτωση 

αυτοσυσχέτισης τύπου Αυτοπαλίνδρομου Κινητού Μέσου, όταν συνδυάζεται 

μια ισχυρή ρίζα τύπου Κινητού Μέσου στην συχνότητα μηδέν με μια ισχυρή 

ρίζα Αυτοπαλίνδρομου τύπου σε οποιαδήποτε άλλη συχνότητα εκτός της 

μηδενικής τα Σφάλματα Τύπου Ι των στατιστικών τεστ των Dickey – Fuller 

μειώνονται ικανοποιητικά.  
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CHAPTER 1 

 

INTRODUCTION 
 

 

       Many observed time series and especially economic and financial time 

series display a trend implying nonstationary behavior. Others appear to 

wander around as if they have no fixed population mean implying also 

nonstationary behavior. An enormous number of studies deals with the 

question whether e.g. time series exhibit linear time trend and in the case 

where the answer is positive what is the appropriate method for its 

elimination. One of the easiest ways to analyze such time series is to make 

these time series stationary. When a nonstationary series can be transformed 

to a stationary series by taking the first differences, the series is said to be 

“integrated of order 1” and is denoted by I(1). If the series needs to be 

differenced k times to be stationary, then the series is said to be I(k). The I(k) 

series (k  0) is also called a “difference-stationary” process. Another 

important class are “trend-stationary” processes, meaning that they are 

stationary around a deterministic time trend and can be transformed to 

stationarity by regressing them on time. 

       The distinction between these two competing processes is emphasized in 

a highly influential study by Nelson and Plosser (1982). In this study, the 

authors clearly presented theoretical and empirical evidence that many 

important economic and financial time series are better characterized by 

difference-stationary processes. Since the extensive study by Nelson and 

Plosser (1982) evidence of the difference-stationary behavior in many time 

series was established and Nelson and Plosser’s data set was used as example 

data set.  

       Dickey (1976) and Dickey and Fuller (1979, 1981) were the first who 

dealt with the problem of the discrimination between trend-stationary and 

difference-stationary processes. In particular, they approach it as the 

following hypothesis testing problem: Assume that the true process that 
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generates the data of a time series under study satisfies an equation of the 

form: 

 

                                        
tt

y
t

d
t

y  



1

                                                 

                                                 where 

                                         {εt} ~ i.i.d.(0,σ
2
)                                               (1) 

 

where the error process {εt} is assumed to be independent identically 

distributed with mean zero and constant variance σ
2
 and dt represents a set of 

deterministic components such as constant and/or time trend (linear, quadratic 

e.t.c.). Dickey (1976) and Dickey and Fuller (1979, 1981) confined 

themselves to a discussion of the cases of a zero intercept, a constant, and a 

linear time trend. 

       The time series defined in equation (1) is said to have an “autoregressive 

unit root” when 1 . With 1 , {εt} is stationary and {Δyt} is stationary 

around the change in the deterministic part. In this case {yt} is said to be 

integrated of order 1 and is denoted by I(1).  Stationary time series are said to 

be I(0). When {yt} is stationary and is thus I(0), and d t is a linear time trend, 

then  

 

                                                 
tt

d
t

y   

 

and the first-difference of {yt} is  

 

                                            
1


ttt

y   

 

where 
1


t

d
t

d  is constant. Thus {Δyt} has a moving average unit root. 

Moving average unit roots arise if a stationary time series differenced. 

       Tests using I(1) as the null hypothesis are based on the autoregressive 

unit root as null. Tests using I(0) as the null hypothesis are based on the unit 

moving average root as the null. Dickey (1976) and Dickey and Fuller (1979, 

1981) considered test statistics for the autoregressive unit root since these are 
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the ones most common. They actually proposed two test statistics, the ZDF – 

test statistic and the τDF – test statistic, on the coefficient of yt-1 for the above 

testing purpose. These are the “standard Dickey-Fuller unit root test 

statistics”. Dickey (1976) and Dickey and Fuller (1979, 1981) showed that  

ordinary asymptotic distribution theory breaks down in the case in which   is 

precisely equal to unity (  =1),  and that the two proposed Dickey-Fuller unit 

root test statistics on the coefficient of yt-1 require to be compared with 

critical values taken from non-standard limiting distributions, the so called 

“Dickey-Fuller distributions”, which differ depending on whether dt in 

equation (1) is a constant or a time trend.  

       The assumption that the error process {εt} in equation (1) is independent 

identically distributed is quite unrealistic for time series encountered in 

practice. Dickey and Fuller also considered the case of testing the unit root 

hypothesis that  =1 in more complicated models than the one described in 

equation (1), namely in models that are described as follows: 

 

                                        
t

u
t

y
t

d
t

y 

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1

  

                                                 where 

                        
tpt

u
p

n
t
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t

un
t

u 








 .......
2211

                         (2) 

 

with the characteristic that the error process {u t} follows an autoregressive 

process that has independent identically distributed innovations of bounded 

fourth moment, say AR(p) with p>1, the order of which is required to be 

finite and known. The test statistics concerning the unit root hypothesis under 

these models are the so called “Augmented Dickey-Fuller unit root test 

statistics” and their limiting distributions, the “Dickey-Fuller distributions”, 

appeared to be the same as in the case where the error process is assumed to 

be independent identically distributed. The Augmented Dickey-Fuller unit 

root test statistics – which take into account possible serial correlation of the 

error process – are based on the estimation of the following “Augmented 

Dickey-Fuller autoregression”: 
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              (3) 

 

A statement that has to be emphasized is that the number of the additional 

lagged-difference terms of the dependent variable yt that have to be included 

in the Augmented Dickey-Fuller autoregression depends on the true order of 

the error process. In fact, if we knew that the errors follow an autoregressive 

process with a known order p, then p lagged-difference terms of the 

dependent variable yt should be included in the Augmented Dickey-Fuller 

autoregression. Naturally, a key shortcoming for applying the Dickey-Fuller 

as well as the Augmented Dickey-Fuller unit root test statistics in order to test 

the unit root hypothesis is that the practitioner must have knowledge about  the 

order of the error process, knowledge that is not possible to get in practice 

since the true mechanism that generates the data is in most cases unknown. 

       Said and Dickey (1984) extended the Dickey-Fuller theory concerning 

the unit root hypothesis by allowing the error process in equation (2) to 

belong to the general class of ARMA(p, q) processes without needing to have 

any knowledge on the parameters p and q: 
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where {εt} is independent identically distributed innovations with zero mean, 

constant variance and bounded fourth moment. Assuming that {u t} is 

stationary and invertible with autoregressive and moving average polynomials 

that do not share common roots, {yt} evolves according to: 
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where the parameters {ζi} are appropriate functions of the parameters {φi and 

θj i=1, 2,…,p , j=1, 2,…..,q}. The true order of the autoregression (5) is 

infinity when q>0. Because Δyt=ut under the unit root hypothesis, (5) can be 

seen as an autoregression in Δyt augmented by yt-1, namely: 
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which is actually the “Augmented Dickey-Fuller autoregression” but with an 

infinite order. When the orders p and q are unknown, as it is the case in 

practice, Said and Dickey (1984) suggested approximating the infinit e 

“Augmented Dickey-Fuller autoregression” by a truncated version whose 

order is a function of the number of observations T:  
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Said and Dickey (1984) showed that when the truncation lag number k in 

equation (7) satisfies the conditions: 

 

(A1)   k is chosen as a function of T such that  

 

              
T

k3
0 and k  as T  

 

(A2)  There exist c>0 and r>0 such that rTck /1  

 

then the Augmented Dickey-Fuller unit root test statistics have the same 

asymptotic Dickey-Fuller distributions as in the case where the errors are 

independent identically distributed.  

       Ng and Perron (1995) also considered the conditions given by Said and 

Dickey (1984) and believed that are unnecessarily stringent in the sense that 

they can be a serious limitation for the application of the Augmented Dickey-
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Fuller unit root test statistics. Ng and Perron (1995) proved the validity of 

Said and Dickey’s results in the absence of the second condition (A2) making 

the Augmented Dickey-Fuller unit root tests theoretically more flexible. But, 

such conditions provided theoretical rather than practical guidelines for 

choosing the appropriate order for the Augmented Dickey-Fuller 

autoregression. So, a question that now arises and is of great interest for 

practical purposes is the following one: 

 

How many lagged-difference terms of the dependent variable y t should be 

included in the Augmented Dickey-Fuller autoregression in practice, provided 

that the conditions proposed by Said and Dickey are satisfied, before testing 

the unit root hypothesis? 

 

If we add too many lagged-difference terms of the dependent variable y t in the 

Augmented Dickey-Fuller autoregression the Augmented Dickey-Fuller unit 

root test statistics loose power because the estimate of the parameter on yt-1 

becomes inaccurate. If we add too few the Augmented Dickey-Fuller unit root 

tests have eventually the wrong size (the probability of rejecting the null 

hypothesis of a unit root when it is true). Many studies, theories and Monte 

Carlo simulation experiments such that of Schwert (1989), Agiakloglou and 

Newbold (1991), Harris (1992) and Ng and Perron (1995, 2001) arisen 

concerning the issue of the lag length selection for the Augmented Dickey-

Fuller autoregression so that the Augmented Dickey-Fuller unit root test 

statistics to have robust size and power properties. This is an active research 

area, and because the selection method of adjustment for serial correlation is 

not exact, several lag length selection methods (with different advantages and 

disadvantages) have been proposed. Some of the most popular and widely 

used selection methods for choosing the appropriate order for the Augmented 

Dickey-Fuller autoregression provided that they satisfy the conditions 

proposed by Said and Dickey (1984) are the following: 

 

(a) Start with a large number k for the order of the Augmented Dickey-

Fuller autoregression and test the significance of the largest lagged-

difference term, using the ordinary t-test, referred to the usual critical 
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value. If this is accepted re-estimate the Augmented Dickey-Fuller 

autoregression with the order reduced by 1 and repeat the test. Stop 

when the largest lag-differenced term is statistically significant. 

 

(b) Estimate processes with every possible number of lagged-difference 

terms up to a maximum lag-differenced term, and select the order for 

the  Augmented Dickey-Fuller autoregression that minimises a 

“Information Selection Criterion” such that of Akaike Information 

Criterion (AIC) or that of Schwarz Bayesian Information Criterion 

(BIC). 

 

       In this thesis, the asymptotic properties of the Augmented Dickey-Fuller 

unit root test statistics under the lag length selection methods of the type just 

mentioned for selecting the order for the Augmented Dickey-Fuller 

autoregression are going to be analysed, and Monte Carlo simulation 

experiments are going to be used to show their distinctive behavior in finite 

samples. 

       Monte Carlo simulation studies have repeatedly shown a strong 

association between the order of the Augmented Dickey-Fuller autoregression 

and the severity of size distortions and/or the extent of power loss of the 

Augmented Dickey-Fuller unit root test statistics. This association is more 

visible in the case where the underlying data generating process contains 

moving average error components.  

       Lag length selection methods such that of AIC and BIC tend to select 

values for the order of the Augmented Dickey-Fuller autoregression that are 

generally too small for the Augmented Dickey-Fuller unit root test statistics 

to have good size and power properties especially when the error process 

contains moving average components. The analysis shows that the lag length 

selection method based on the ordinary t –test for the significance on the last 

lagged-difference term has the ability to yield higher orders for the 

Augmented Dickey-Fuller autoregression than the AIC or BIC and reduce the 

size distortions of the Augmented Dickey-Fuller unit root test statistics. But, 

the lag length selection method based on the ordinary t –test tends to 

overparamererize data generating processes with errors that follow 
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autoregressive processes in some cases, a result that leads to power losses. So, 

neither approach is fully satisfactory and an improved selection procedure for 

choosing the order for the Augmented Dickey-Fuller autoregression is needed. 

       Ng and Perron (2001) having firstly reconsidered issues related to 

standard Information Criteria such that of AIC and BIC for valid model 

comparisons they developed a class of Modified Information Criteri a, denoted 

by MICC. These Modified Information Criteria have the key advantages that 

(a) they have a penalty factor that retains a stochastic term (b) take into 

account the fact that the bias in the sum of the autoregressive coefficients is 

highly dependent on the order of the Augmented Dickey-Fuller autoregression 

and (c) adapt to the type of the possible deterministic terms that might be 

included in the underlying data generating process. More precisely, the 

Modified Akaike Information Criterion, denoted by MAICC, is shown to lead 

to substantial size and power improvements for the Augmented Dickey-Fuller 

unit root test statistics when is used to select the order of the Augmented 

Dickey-Fuller autoregression compared to all the other lag length selection 

methods especially when the data generating process contains moving average 

error components. 

       In Chapter 2 up to Chapter 4 we are concerned with presenting the 

background of the univariate processes that contain a unit root. More 

specifically, the purpose of Chapter 2 is to present nonstationary univariate 

time series and how we can model them using trend-stationary or difference-

stationary processes as well as to shortly compare them from the forecasting 

point of view in order to see their different implications in finite samples. 

Chapter 3 is devoted to nonstationary univariate processes that are 

characterized by difference-stationary processes and to unit root hypothesis 

testing problem in equation (1) and (2) under independent identically 

distributed and autoregressive error processes of finite and correctly specified 

order, respectively. Chapter 4 focuses to the extensions of the Augmented 

Dickey-Fuller unit root test statistics in the case in which the error process 

that described by equation (3) belongs to the general class of stationary and 

invertible ARMA processes the orders of which are assumed to be unknown 

as it is in practice.  
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       Chapters 5 and 6 are the main focus of this thesis. The issue of choosing 

the appropriate order of the Augmented Dickey-Fuller autoregression using 

the various selection methods of the type mentioned above in order the 

Augmented Dickey-Fuller unit root test statistics to have robust and 

satisfactory size and power properties from the theoretical point of  view is 

presented in Chapter 5. Chapter 6 is primarly devoted to the construction and 

extensive presentation of own as well as published Monte Carlo simulation 

experiments in order to examine the size and the power properties of the 

Augmented Dickey-Fuller unit root test statistics in finite samples when 

ordinary t – tests of various significance nominal levels and standard, 

Corrected and Modified Information Criteria selection methods are used for 

choosing the order for the Augmented Dickey-Fuller autoregression. Their 

majority is mainly focused on testing the unit root hypothesis in data 

generating processes of the form described in equations (1), (2) and (4) (with 

dt=0) in the cases in which the errors follow a moving average and 

autoregressive process of order 1, denoted by MA(1) and AR(1), respectively , 

because these cases occur frequently in economic and financial data.  

       To provide a deep insight into the issue of testing unit root hypotheses  in 

finite samples and choosing the appropriate order for the Augmented Dickey-

Fuller autoregression in order the Augmented Dickey-Fuller unit root test 

statistics to have robust and satisfactory size and power properties we study  

the error processes from their spectral features perspective. More specifically, 

it is well known that the true spectrum of a moving average process of order 1 

indicates a ‘hole’ at the frequency zero that is ‘stronger’ the closer the 

moving average polynomial root is to unity. It is also well known that the true 

spectrum of an autoregressive process of order 1 indicates a ‘peak’ at the 

frequency zero that is ‘stronger’ the closer the autoregressive polynomial root 

is to unity. In the first case where the errors are modelled by a MA(1) process, 

it has been noted that the Augmented Dickey-Fuller unit root test statistics 

seem unable to keep the nominal size at a permissible percentage rate when 

the underlying data generating process is indeed a unit root process and this 

inability increases the stronger the “hole” is at frequency zero. On the other 

hand, in the second case where the errors are modelled by an AR(1) process, 

the Augmented Dickey-Fuller unit root test statistics are able to keep the 
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nominal size at a permissible percentage rate when the actual data generating 

process is a unit root process. The above statements lead to the conclusion 

that the inability of the Dickey-Fuller unit root test statistics to keep the 

nominal size at a permissible percentage rate when the actual data generating 

process is a unit root process is due to strong and negative serial correlation 

of the moving average type, i.e. a strong moving average polynomial root 

close to unity indicating a strong “hole” at frequency zero in the true 

spectrum of the error process. A question that is now arisen is the following:  

 

What can we tell about the size and power performance of the unit roo t test 

statistics in the case where the actual data generating process that described 

in equations (1), (2) and (4) with moving average or autoregressive errors 

that are modeled by more complicated than a MA(1) or AR(1)  processes?  

 

                                                  or similarly 

 

What can we tell about the size and power performance of the unit root test 

statistics in the case where the root/roots of the moving average and/or 

autoregressive polynomial of the error process are close to unity,  indicating 

‘holes’ and ‘peaks’ in the true spectrum of the error process, at frequencies 

different from zero as well as at various combinations of them including the 

frequency zero? 

 

       To answer these questions that are of great interest in the context of 

testing unit root hypotheses in finite samples we construct and fully present 

additional Monte Carlo simulation experiments that are combined with 

Figures in order for us to derive more robust and satisfactory averall 

conclusions.  

       According to many authors, there are many reasons to believe that 

economic and financial time series encountered in practice contain movin g 

average components. Our Monte Carlo simulation experiments provide a 

useful tool for the broad application of the Dickey-Fuller and the Augmented 

Dickey-Fuller unit root test statistics.  
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CHAPTER 2 

 

NONSTATIONARY UNIVARIATE 

PROCESSES 

 

2.1 INTRODUCTION 

 

       Many observed time series seem to display nonstationary behavior.  For 

economic time series, nonstationary behavior is often the most dominant 

characteristic. Some series grow in a secular way over long periods of time 

implying trending (nonstationary) behavior and others appear to wander 

around as if they have no fixed population mean implying nonstationarity in 

the mean.  

       Figures (A.1) through (A.4) in Appendix A represent (a) the total U.S. 

Industrial production index from 1990 up to 2003 after seasonal adjustment 

(b) the E.U. Exports at constant prices (in EUR billions) from 1990 up to 

2003 after seasonal adjustment (c) the Unemployment Rate in Alaska 

(percent) from 1990 up to 2003 after seasonal adjustment and (d) the U.S. 

Consumers’ Inflation Expectations (percent) from 1990 up to 2003 which 

clearly show such patterns. 

       Growth characteristics are especially evident in time series that represent 

aggregate economic behavior like gross domestic product and industrial 

production. Random wandering behavior is evident in many financial time 

series like interest rates and asset prices. Similar phenomena also arise in data 

from other sciences like communications and political sciences. Any attempt 

to explain or forecast series of this type requires a mechanism to be 

introduced to capture the nonstationary elements in the series, or the series 

have to be transformed in some way to achieve stationarity. Yet this is often 

much easier to say than it is to do in a satisfactory way. The problem is more 

cumbersome in the multivariate case, where several time series may  have 

nonstationary characteristics and the interrelationships of these variables are 

the main object of study.  
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       Nelson and Plosser (1982) have proposed to distinguish nonstationary 

time series of the type just mentioned from the fundamental nature of their 

underlying trend and, as far as this underlying trend is concerned, they 

mentioned that the tendency of economic time series to exhibit variation that 

increases in mean and dispersion in proportion to absolute level, motivates the 

transformation to natural logs and the assumption that trends are linear in the 

transformed data (Nelson and Plosser, 1982, p.141). Indeed, many economic 

and financial time series seem better characterized by a linear and mostly by 

an exponential time trend. In the latter case notice that if we take the natural 

log of the exponential time trend, the result is again a linear time trend. So, 

the linear specification of the deterministic trend is going to be used and its 

coefficients are assumed to be constant over the sample period. More 

specifically, the deterministic time trend, denoted hereafter by d t, can be any 

of the following: 

 

          dt = 0 (zero) , dt = α (constant) and dt = α +δt (linear time trend)  

 

       Some series should be best described as having a deterministic time trend 

meaning that are completely predictable (if we know the coefficient of time),  

while others should rather be described as having a stochastic trend  meaning 

that increase systematically as t goes to infinity (sometimes systematically  

decreases) and there is no force to move toward their mean. The fundamental 

difference between the two is that the former is such that the time series is 

mean-reverting while the latter have no such inherent tendency. Nelson and 

Plosser (1982) also provided evidence that nonstationary time series of the 

type just mentioned are better characterized by stochastic trends. The 

statistical properties of nonstationary time series that are captured by 

stochastic trends are crucial in statistical and economic appl ications and will 

be of prime concern in this thesis.  

       This chapter follows Hamilton (1994, chapter 15, p.435-447) and 

proceeds as follows. Section 2.2 is devoted to modeling nonstationary 

univariate processes that indicate linear trending (nonstationary) behavior 

using trend-stationary and difference-stationary processes and to 

distinguishing them theoretically with section 2.3 being involved to compare 
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them from the forecasting point of view in order to see their asymptotical 

implications as well as their implications in finite samples giving both 

theoretical and visual examples. In the end of this Chapter some remarks 

concerning these two competing processes are provided.  

 

 

2.2 MODELS FOR NONSTATIONARY UNIVARIATE   

         PROCESSES 

 

       It is widely known from the Wold’s decomposition (Hamilton 1994, 

p.108-109) that an observed stationary time series can be written in the form:  
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number of parameters {ψ1, ψ2, .....} to the data. With finite number of 

observations this will never be possible. As a practical matter, we therefore 
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where φ(L) and θ(L) both have all the roots outside the unit circle . 

For the process of the form (2.2.1) it holds that:  

 

                        E(yt) = μ    and    Var(yt) = 


 0

22

j
j

  

 

The forecasting methods applied to this representation of stationary time 

series imply that if we try to forecast them farther into the future, the forecast 

is the unconditional mean of the series:  
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for which we know that is independent of time.   

The mean squared error (MSE) for this forecast is the unconditional variance 

of the series. So, the process of the form (2.2.1) is impossible to capture the 

trending behavior of a time series or the random fluctuation that implies 

nonstationarity in the mean.  

       The question that arises at this point is the following:  

 

How can we model time series that indicate trending (nonstationary) behavior 

or random fluctuation that implies nonstationarity in the mean since the 

general class of the processes of the form (2.2.1) is not capable?  

 

For the case of linear trending time series there are many approaches that can 

be considered appropriate to handle the situation. However, there are two 

approaches that are widely known and used in practice. The first widely 

known approach is to include a deterministic linear time trend instead of a 

mean in the stationary process of the form (2.2.1): 
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Such a series has the unconditional mean equal to:  

 

                                           Ε(yt) = α + δt 

 

which is the deterministic trend of the series .  

       A process of the form (2.2.2) that exhibits a deterministic time trend is called 

trend-stationary meaning that is stationary around the deterministic time trend.  A 

common method to get a stationary process from (2.2.2) is to substract the trend a+δt. 

Therefore, recalling the Box-Jenkins theory of stationary processes we can do the 

analogous statistical inference (Brockwell and Davis, 1996). 

       The second widely known approach is to consider a difference-stationary 

process, the so called unit root process with drift term, satisfying the 

equation: 
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       Many scientists like Nelson and Plosser (1982) and D.N.Dejong, 

J.C.Nankervis, N.E.Savin and C.H.Whiteman (1992) included in their studies 

detailed discussions about the difference between these two widely known 

competing processes. 

       The issue now becomes to relate the processes of the form (2.2.2) and 

(2.2.3). To do this let us consider the case in which: 
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u  follows a zero mean ARMA(p , q) process : 
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written as: 
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special case of a trend stationary process (2.2.2).  
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Now if (2.2.4) is first-differenced, the result is: 
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which is of the form of the unit root process (2.2.3).  

We can also notice that if we first-difference the trend-stationary process in 

order to achieve stationarity instead of substracting the linear time trend we 

get the following result: 
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which implies that the time series y t is stationary but with a non-invertible 

moving average polynomial . This result generally limits the time series since, 

for example, it can not be represented as an AR(  ) process. 

       The whole representation explains the term “unit root” process, that is, one of 

the roots of the autoregressive polynomial in (2.2.5) is unity and all the others are 

outside the unit circle. The process (2.2.3) is often called integrated of order 1 and 

written as yt ~ I (1), or equivalently, is called autoregressive integrated moving 

average process and written as yt ~ARIMA(p, 1, q). Suppose now that the 

autoregressive polynomial in (2.2.5) has two roots equal to unity and all the others are 

outside the unit circle. Then it holds that: 
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and yt is said to be I (2) and written as yt ~ I (2), or equivalently, yt ~ARIMA(p, 2, q). 

In general yt is said to be an autoregressive integrated of order d moving average 

process, wtitten as yt ~ ARIMA(p, d, q), if d - differences are necessary for achieving 

stationarity: 

 

                                            tLqtydLLp  )()1)((   

 

The first parameter p refers to the number of autoregressive lags (not counting the unit 

roots), the second parameter d refers to the order of differencing in order to achieve 

stationarity and the third parameter q gives the number of the moving average lags.  

Of particular interest to us are the I (1) processes (e.g. ARIMA(p, 1, q)) . 

 

 

2.3 SHORT COMPARISON OF TREND STATIONARY AND  

UNIT  ROOT PROCESSES 

 

       Unit root and trend-stationary processes often imply very different 

predictions, so deciding which process to use is tremendously important for 

applied forecasters. Having modeled nonstationary univariate processes that 

indicate linear trending behavior using trend-stationary and unit root 

processes let us now compare them from the forecasting point of view in 

order to see their asymptotical implications as well as their implications in 

finite samples. In this comparison we follow Hamilton (1994) (Section 15, 

p.444-446). 

  

a) Comparison of Forecasts  

 

       In order to forecast a trend-stationary process of the form (2.2.2), we 

have to simply add the deterministic component α+δt to the forecast of the 

stationary stochastic component: 
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As the forecast horizon s grows large, absolute summability of {
j

 } implies 

that this forecast converges in mean square (m.s.) to the time trend:  
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       To forecast a unit root process of the form (2.2.3), recalling that Δyt, 

where Δ is the differencing operator, is a stationary process, we use the same 

formula that used above: 
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which results in: 

 



 

 39 

.......
1-

)*
2

.....**
1

(

)*
1

....*
1

*(
/

ˆ










tss

tsst
ys

tst
y




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       As we can see from (2.3.1) and (2.3.3), the forecast tsty /ˆ   converges to 

a linear function of the forecast horizon s with slope δ. The main difference is 

in the intercept of the line. For trend-stationary processes, the forecast 

converges to a line where the intercept is the same regardless the value of y t. 

By contrast, the intercept of the limiting forecast of a unit root process is 

continually changing with each new observation on y.  

 

b) Comparison of Forecast Errors  

 

       For a trend-stationary process of the form (2.2.2) the s-period-ahead 

forecast error is given by the formula: 
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                                                                                                            (2.3.5)                             

The mean squared error (MSE) of this forecast is:  
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The MSE increases with the forecasting horizon s, though as s  becomes large, 

the added uncertainty from forecasting farther into the future becomes 

negligible: 
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which is the unconditional variance of the stationary component ψ(L)εt . 

For the unit root process (2.2.3) the s-period-ahead forecast error is: 
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with MSE 
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The MSE again increases with the length of the forecasting horizon s, though 

in contrast to the trend-stationary case, the MSE does not converge to any 

fixed value as s goes to infinity. Instead, it asymptotically approaches a lin ear 

function of s with slope 22......)2
*

1
*1(   . 

       To summarize, the forecast error of a trend-stationary process is given by 

ψ(L) that is stationary. Hence, there is no influence of past or currect  

innovations on the mean of the dependent variable y t, and all uncertainty 

about the forecast error of yt is bounded in contrast to a unit root process that 

eventually grows linearly with the forecast horizon.  

       Let us now see the implications of these two competing processes at a 

finite sample size of observations. Assume that we have a finite sample size 

of T observations that were really generated by the following unit root 

process: 
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         true model        (unit root)                (2.3.8)                             

 

Consider trying to distinguish this from the following stationary process:  
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  , | φ | < 1 ,     false model      (stationary)         (2.3.9)                         

 

The s-period-ahead forecast of yt+s assuming the process of the form (2.3.7) 

is: 
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with MSE  
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The corresponding forecast of yt+s assuming the process of the form (2.3.8) is:  
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with MSE  

 

        2)
)1(2

.....421(2)
/

ˆ( 









s

tst
y

st
y                   (2.3.13)             

 

As we can notice, there exists a value of φ very close to unity such that the 

observable implications of the stationary process are arbitrarily close to those 

of the unit root process.  

       Below we show that the opposite is also true: there exists a value of θ 

very close to – 1 such that the observable implications of a unit root process 

are arbitrarily close to those of a stationary process.  To see this consider the 

following process as the true process:  
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and consider trying to distinguish this from: 
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The s-period-ahead forecast of yt+s assuming the process of the form (2.3.14) 

is: 
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The s-period-ahead forecast of yt+s assuming the process of the form (2.3.15) 

is: 
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with MSE  
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       To emphasize the fact that for a given fixed sample size of observations 

T unit root and stationary processes have identical implications we give a 

visual example that shows that even when processes share the same 

realizations for the innovations, series that have unit roots and series that do 

not can behave similarly. 
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Example  (Visual inspection) 

 

       Consider the following stochastic processes for the series y t and zt: 
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with {εt}~ N (0 , 0.1
2
). 

In each case the first processes correspond to a pure random walk and a 

random walk with drift, while the last correspond to a stationary AR(1) and a 

trend-stationary process. Figure (A.5) in Appendix A presents realizations of 

size 100 for each of these processes with  100

1tt
  fixed. We labelled the 

resulting series as y1, y2 and z1 and z2 randomly. Can we tell which have unit 

roots? The answer is negative. So, visual inspection can not serve as a guide 

for discriminating series with or without unit roots.  

 

 

2.4 REMARKS 

 

       The basic distinction between trend-stationary and unit root processes is 

that the former do, and the latter do not, tend to return to a fixed deterministic 

trend function. Since the non-trend component ψ(L)εt in (2.2.2) is stationary 

with mean zero, the process is such that yt tends to fluctuate about the fixed 

trend function α+δt. In formulation (2.2.3), by contrast, the tendency is for y t 

to grow at a rate δ from its current position, whatever might be. There is, 

expect in a limiting case, no tendency for yt to return to any fixed trend path. 

       In addition, unit root and stationary processes have sharp asymptotic 

differences but for any fixed sample size there are unit root processes which 

behave like stationary processes and stationary processes which behave like 

unit root processes. 

       Thus, we must be very careful when testing whether a time series 

contains unit root or testing whether there exists a permanent effect on the 
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level of the series. As far as this thesis is concerned, we will deal with unit 

root processes for analyzing the trending behavior as well as the 

nonstationarity in the mean of time series.  
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CHAPTER 3 

 

UNIVARIATE UNIT ROOT PROCESSES  

 

 

3.1  INTRODUCTION 

 

       Unit root processes have attracted a considerable amount of work in both 

statistical and economics literature. Indeed, the view that most economic time 

series are better characterized by unit root rather than trend-stationary 

processes has become prevalent. The work of Nelson and Plosser (1982) that 

found that most macroeconomic variables have a univariate time series 

structure with an autoregressive unit root has catalyzed the research with both 

empirical and theoretical dimensions. Nelson and Plosser’s study was 

followed by a series of empirical analyses that confirmed their findings. 

Empirical applications of different methodologies generally confirmed the 

conclusion that most macroeconomic time series have an autoregressive unit 

root. These studies had many effects on statistical and economic theory. They 

seem to confirm previous analyses that had advanced the unit root processes 

for particular economic series, for example, consumption (Hall, 1978), 

velocity of money (Gould and Nelson, 1974) and stock prices (Samuelson, 

1973).  

       In this chapter we will give the statistical inference concerning the 

univariate unit root processes. In particular, we are mainly interested in 

deciding whether to proceed with a unit root or a trend(or mean)-stationary 

process in order to describe the nonstationary behavior of a time series of the 

type mentioned in the previous chapter since we saw that they both lead to 

different implications.  

       This specific discrimination is actually a model selection problem. Fulle r 

(1976) and Dickey-Fuller (1979) were the first who dealt with such 

discrimination. They actually approached it as a hypothesis testing problem 

and proposed two test statistics, the ZDF – test statistic and the τDF – test 
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statistic, commonly known as standard Dickey-Fuller (DF) test statistics and 

are based on a simple autoregression with or without a constant or a linear 

time trend. They are based on testing 1  in the equations: 

 

                                      ttyty   1  

                                      ttyty   1     

                                      ttytty   1  

 

with the error process { t } being independent identically distributed, for 

determining whether yt has a unit root so that yt is a difference-stationary 

process.  

       Because ordinary asymptotic distribution theory breaks down in the case in which 

  is precisely equal to unity (   = 1), the two proposed Dickey-Fuller unit root test 

statistics on the coefficient yt-1 require to be compared with critical values taken from 

non-standard limiting distributions, the so called Dickey-Fuller distributions, which 

differ from depending on whether or not nuisance parameters such as constant or time 

trend are included in the estimated autoregression. But this can readily be done since 

Dickey and Fuller have provided the profession with the pertinent Tables. 

       The assumption that the error process in the above equations is 

independent identically distributed is quite unrealistic for time series 

encountered in practice. Dickey and Fuller (1979) also considered the case of 

testing the unit root hypothesis that  =1 in more complicated than 

independent identically distributed error processes, namely under the 

assumption that the error process follow an autoregressive process, say AR(p) 

with p > 1, the order of which is required to be finite and correctly specified. 

When the error process {εt} is correlated, there is a need to either change the 

estimation method (adopt another estimated equation) or modify the test 

statistics to obtain consistent estimators and test statistics. Dickey and Fuller 

(1979) use the first approach of changing the est imated equation, commonly 

known as the “Augmented Dickey-Fuller (ADF) autoregression”. The Dickey-

Fuller test statistics concerning the unit root hypothesis that   = 1 under the 

case of the correlated error processes are the so called “Augmented Dickey-
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Fuller” unit root test statistics and their limiting distributions, the Dickey-

Fuller distributions, are the same as in the case where the error process is 

assumed to be independent identically distributed not forgetting that are 

different from each other depending on whether or not nuisance parameters 

are included in the estimated Augmented Dickey-Fuller autoregression. 

       The difference between the simple autoregression and the Augmented 

Dickey-Fuller autoregression is that in the latter additional lagged-difference 

terms of the variable yt have to be included in its right side in order to 

eliminate the serial correlation in the error process (see Introduction, equation 

3). In addition, the appropriate number of the additional lagged-difference 

terms to be included in the right side of the Augmented Dickey-Fuller 

autoregression is depended on the true order of the error process.  

       Of course, there are many proposed test statistics  concerning the unit root 

hypothesis that   = 1 for discriminating unit root and trend(or mean)-

stationary processes in the literature . In this thesis we will deal with t he 

Dickey-Fuller unit root test statistics since they are widely known from time 

series analysts and mostly they are easily computed.   

       The plan of this chapter is as follows. In section 3.2 we explain why the 

asymptotic distributions and the rates of convergence for the estimated 

coefficients of unit root processes differ from those for stationary processes 

when testing the unit root hypothesis. The above statements are illustrated 

using the first given simple autoregression with the error process being 

independent identically distributed. The presentation of the standard Dickey-

Fuller unit root test statistics along with their asymptotic distributions in the 

case where different nuisance parameters such as constant and linear time 

trend are included in the simple autoregression when testing the unit root 

hypothesis is presented in section 3.3 with section 3.4 being involved with 

some remarks on the standard Dickey-Fuller unit root tests. Section 3.5 is 

concerned with testing the unit root hypothesis in the Augmented Dickey-

Fuller autoregression under autoregressive error processes of finite and  

correctly specified orders with section 3.6 being involved with some remarks 

coming from the section 3.5.  
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       This chapter is mainly based on the development of Hamilton (1994, 

chapter 17, p.486-543) and interested readers should refer to him for an 

extensive study on the theory that is going to be illustrated.  

 

 

3.2 RATES OF CONVERGENCE 

 

       Consider the following process: 
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with the error process {
t

 } being independent identically normally 

distributed with zero mean and σ
2
 variance, denoted by {

t
 }~ i.i.d.N(0 , σ

2
) 

and y0 = 0. Given T observations, the conditional maximum likelihood 

estimator of   is the ordinary least squares (OLS) estimator:  
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where  denotes hereafter summation over the observations t=1 , 2 ,…., T.  

Mann and Wald (1943) first proved that if |  |<1, then: 
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(where 
L

 denotes convergence in distribution).  

       Suppose now that we would like to test the hypothesis that  =1. If 

(3.2.3) were also valid for the case when  =1, it would seem to claim that 
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)ˆ(  
T

T  has zero variance, or that the distribution collapses to a point 

mass at zero: 
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(where 
p

 denotes convergence in probability ).  

 

       Rubin (1950) showed that 
T

̂  is a consistent estimator for all values of 

 . On the other hand, when  =1, White (1958) was unable to invert the 

limiting joint-moment generating function to obtain the limiting distribution.  

However, based on Donsker’s theorem, he represented the limiting 

distribution of 2/)1ˆ( 
T

T   as that of the ratio of two integrals defined on 

the Wiener process. Later M.M.Rao (1961) obtained an expression of the 

limiting distribution of 2/)1ˆ( 
T

T   but it is not of an easily recognizable 

form. However, the standardization of 
T

̂  as 2/)ˆ(  
T

T  by White (1958) 

and M.M.Rao (1961) has been proved incorrect and the correct 

standardization of 
T

̂  is )ˆ(  
T

T  (Phillips 1987a). Fuller (1976) and 

Dickey and Fuller (1979) derived the asymptotic distribution of 
T

̂  under the 

assumption of the i.i.d. errors and assumption of y0 = 0. 

       To get a better sense of why scaling by T is necessary when the true 

value of   is unity let us analyze apart the numerator and the denominator in 

the beneath equation which is actually the difference between the OLS 

estimator T̂  and the true value   which in our case is assumed to be unity:  
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       We first work on the numerator. Since y t is a unit root process, or 

equivalently, a driftless random walk under the assumption that  =1, it is 

normally distributed with a variance that grows at rate t:  
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Taking the time series average, we obtain:  
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We know that 
2
t
  is the sum of T i.i.d. random variables, each of mean zero 

and variance σ
2
, and so, by the law of large numbers we have that: 
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Furthermore,  
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where 2
1
  is the chi-square distribution with one degree of freedom. 

Using (3.2.6) and (3.2.7), it follows from (3.2.5) that:  
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       For the denominator we use the fact that 
1t

y ~ N [0, σ
2
(t-1)]. 
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Now, dividing by T
2
 we get: 
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By doing these steps we have been able to establish that the denominator of 

 1ˆ 
T

T   is a random variable with mean σ
2
/2. We can not really say at this 

point whether    
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converges in probability to  σ
2
/2  or if it converges in distribution to a random 

variable with mean σ
2
/2. Moreover, the asymptotic distribution of the

 1ˆ 
T

T   under the above considerations is not the usual Gaussian 

distribution but instead involves a 
2
1
  - variable in the numerator and a 

separated non-standard distribution in the denominator. The asymptotic 

distribution of  1ˆ 
T

T    will be fully characterized in the next section.  

       Now consider again the OLS estimator T̂  given by the form of (3.2.2).  

Another popular way to test the unit root hypothesis that  =1 is based on the 

usual OLS t – test: 
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where 
T




ˆ
ˆ is the usual OLS standard error for the estimated coefficient 

T
̂  

and 
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Another but equivalent formulation of the usual OLS t – test is given by: 
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and it is obvious that has terms that are equal to those included in the form of 

(3.2.4). So, repeating similarly the analysis for the numerator and the 

denominator of the above formulation of the usual OLS t – test we conclude 

that its distribution is not the usual normal distribution but instead involves a 
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2
1
  - variable in the numerator and a separated non-standard distribution in 

the denominator. The asymptotic distribution of the usual OLS t – test will be 

also fully characterized in the next section.  

 

 

3.3 ASYMPTOTIC PROPERTIES OF THE DICKEY-

FULLER (DF) STATISTICS 

 

       Before starting characterizing the asymptotic distribution of the  1ˆ 
T

T   

test statistic as well as that of the usual OLS t – test statistic concerning the 

unit root hypothesis that  =1 under the process of the form (3.2.1) we will 

present some of its asymptotic properties when the true value of the 

coefficient   is unity in a form of a proposition without giving their proofs 

(Hamilton 1994, chapter 15, p.486). 

 

Proposition A 

 

       Suppose that ξt follows a unit root process, or equivalently, a random 

walk without a drift term: 
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where ξ0 = 0 and {εt}~ i.i.d.(0, σ
2
). Then as  : 
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The asymptotic distributions in the above proposition are all written in terms 

of functionals of the Wiener process denoted by W(r) for 10  r . Although 

Fuller (1976) and Dickey and Fuller (1976,1979) did not provide the limiting 

distributions concerning the two test statistics considered in the previous 

section with functionals of the Wiener processes, they first derived their 

distributions and made their Tables. The functional forms of the Wiener 

processes are due to Phillips (1987a, 1988b).  

       Most of the studies about the asymptotic behavior of the OLS estimator 

T̂  have been concerned with the following process: 

 

                                          ttyty   1  

 

where { t } is assumed to be a sequence of independent normal random 

variables with zero mean and σ
2
 variance, denoted by { t }~i.i.d.N(0,σ

2
), 

given that the data are believed to be generated by the process:  

 

                                       ttyty  1   
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       It is also hard to believe that when the unit root hypothesis is rejected the 

AR(1) process without a constant or a deterministic time trend describes well 

most of the economic and financial time series which usually show some 

tendency to increase over time implying trending behavior as well as random 

fluctuation that implies nonstationarity in their mean. Hamilton (1994, p.487) 

summarizes the above considerations by dividing them up into the following 

four cases: 

 

Case 1 

 

Assume that the true process that generates the data is driven by the following 

unit root process which is often called driftless random walk:  
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where y0 = 0 and εt ~ i.i.d.(0, σ
2
)  and that the estimated equation is given by 

the form:  
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Then, for the normalized least squares estimator, 
T

̂ , we have that: 
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and for the studentized least squares estimator, 
T

̂ , we have that: 
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The result (3.3.9) allows the point estimate 
T

̂  to be used by itself to test the 

null hypothesis of unit root, that is 1 , without needing to calculate its 

standard error. The asymptotic density
1
 of the ZDF – test statistic under this 

case is displayed in Figure (A.6) in Appendix A and clearly shows that the 

distribution involved is non-normal and asymmetric, with a fat left tail.  

This is the ZDF Dickey-Fuller distribution. 

       The τDF – test statistic taken from (3.3.10) is actually the ordinary least 

squares (OLS) t – test statistic. Although the τDF – test statistic is calculated 

in the usual way, it does not have a limiting Gaussian distribution when the 

true process is characterized by the unit root hypothesis of 1  as Figure 

(A.7) in Appendix A shows. More specifically, is shifted to left of the 

standard normal density. This is the τDF Dickey-Fuller distribution.  

 

 

1
  This density is actually a kernel estimate of the density of 

T
̂  on the basis of 10,000 

replications of a Gaussian random walk  
tt

y
t

y 



1

  ,  t = 0 , 1 , ….., 1000 , 
t

y  = 0 

for  t < 0. The kernel involved is the standard normal density, and bandwidth 

5/11000 csh , where s is the sample standard error and c = 1. The scale factor c has 

been chosen by experimenting with various values. The value c = 1 is about the smallest 

one for which the kernel estimate remains a smooth curve, for smaller values of c the kernel 

becomes wobbly. The same holds true of the density of the studentized 
T

̂   coefficient. 

The densities that will be considered in the other cases have been derived with analogous 

way. 
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Case 2 

 

Assume that the true process that generates the data is driven by the following 

unit root process which is often called driftless random walk:  
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where y0 = 0 and εt ~ i.i.d.(0, σ
2
)  and that the estimated equation is given by 

the form: 
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 Then, looking at the least squares estimators  
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for the normalized least squares estimator, 
T

̂ , we have that: 
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and for the studentized least squares estimator, 
T

̂ , we have that:      
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Again result (3.3.11) allows the point estimate 
T

̂  to be used by itself to test 

the null hypothesis of unit root existness, that is 1 , without needing to 

calculate its standard error. 

       Moreover, the asymptotic distribution of the estimate 
T

̂   is not the same 

as the asymptotic distribution in (3.3.9) when a constant term is included in 

the estimated equation. This conclusion also holds for the τDF – test statistic. 

       The density of the ZDF – test statistic under this case is displayed in 

Figure (A.8) in Appendix A and compared to Figure (A.6) we can see that is 

farther left of zero and has a fatter left tail. Figure (A.9) in the same 

Appendix shows the density of the τDF – test statistic under this case 

compared to the standard normal density. We can see that the density of the 

τDF – test statistic is shifted even more to the left of the standard normal 

density than in Figure (A.7). 

       Statistical tables for the distribution of ΖDF – test statistic and of τDF – 

test statistic under various sample sizes for this case are reported in Tables 

(B.1) and (B.2) in Appendix B, respectively.  
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Case 3 

 

Assume that the true process that generates the data is driven by the following 

unit root process with drift term which is often called random walk with a 

drift: 
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where y0 = 0 , {εt}~ i.i.d.(0, σ
2
) , 0  and that the estimated equation is 

given by the form: 
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Then, looking at the least squares estimators:  
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it holds that : 
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where            
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     As can be noticed, both estimated coefficients are asymptotically normally 

distributed. So, any t-test involving any coefficients from this regression can 

be compared with the usual t-tables. 

 

Case 4 

 

Assume that the true process that generates the data is driven by the following 

unit root process with drift term which is often called random walk with a 

drift: 
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where y0 = 0 , {εt}~ i.i.d.(0, σ
2
) and that the estimated equation is given by 

the form: 
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Then, if 0 , we can rewrite the equation (3.3.14) as:  
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where  a  1*  ,   *  ,   *  , and  t
t

y
t

g   

The maintained hypothesis is that:  
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which in the transformed system would mean that:  

 

                            0*    ,    1*   ,  
0

*        

 

Therefore, looking at the least squares estimators  
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 we have that : 
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       As can be noticed, 
*ˆ
T

  which is the OLS estimate of   based on (3.3.15) 

is identical to
T

̂ , the OLS estimate of   based on (3.3.14). 

Thus, the asymptotic distribution of the ZDF =  1ˆ 
T

  test statistic is given 

by the middle row of (3.3.16). As we can also see, this distribution does not 

depend on either σ or α, no matter whether or not the true value of α is zero. 

       For the studentized least squares estimator, 
T

̂ , we have that: 
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The asymptotic distribution of the denominator, 2
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whereas the asymptotic distribution of the numerator,  1ˆ 
T

 , is given by 

the middle row of K. So, we get the limiting distribution of the τDF – test 

statistic by diving the above two limiting distributions V and K.  Again, this 

distribution does not depend on α or σ. 
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       The densities of ZDF and τDF – test statistics under this case (the latter 

compared with the standard normal density) are displayed in Figures (A.10) 

and (A.11) in Appendix A. Again, these densities are farther to the left and 

heavier-tailed compared to the corresponding densities in Figures (A.6) 

through (A.9). 

       Statistical tables for the distribution of ZDF – test statistic and of τDF – 

test statistic under various sample sizes for this case are reported in Tables 

(B.1) and (B.2) in Appendix B, respectively.  

 

 

3.4 REMARKS ON THE DF – STATISTICS  

 

       As we noticed from the previous results, the asymptotic distributions of 

the standard Dickey-Fuller unit root test statistics under the null hypothesis of 

a unit root depend on whether or not a constant term or a deterministic time 

trend is included in the estimated equation as well as on the form of the 

assumed data generating process. Another important comment on the standard 

Dickey-Fuller unit root test statistics is that they have been derived to 

distinguish between unit root processes, or equivalently, random walks and 

stationary AR(1) processes around a constant or linear time trend with the 

latter being rather simple processes for characterizing time series encountered 

in practice when the unit root hypothesis is rejected.  

       Note also that the Dickey-Fuller unit root test statistics are actually t- and 

F- test statistics with critical values simulated by Dickey and Fuller.  

       Readers who are interested in getting further insight into the proofs of 

Dickey-Fuller unit root test statistics should referred to Hamilton (1994, 

chapter 17, p.475-543).  
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3.5 ASYMPTOTIC PROPERTIES OF THE AUGMENTED   

         DICKEY-FULLER (ADF) STATISTICS  

           

 

       The assumption that the error process in the equation:  
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d
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where dt = 0, dt = α (constant) and dt = α+δt (linear time trend), is 

independent identically distributed is quite unrealistic for time series 

encountered in practice. When the error process {εt} is correlated, there is a 

need to either change the estimation method (adopt another estimated 

equation) or modify the test statistics to obtain consistent estimators and test  

statistics. 

       Dickey and Fuller (1979) and later Said and Dickey (1984) used the first 

approach of changing the estimated equations. In particular, Dickey and 

Fuller (1979) considered the case of testing the unit root hypothesis that   = 

1 in the above equation under the assumption that the error process {εt} 

follow an autoregressive process, say AR(p) with p > 1, the order of which is 

required to be finite and correctly specified and Said and Dickey (1984) under 

the assumption that the error process {εt} follow an autoregressive moving 

average process, say ARMA(p,q), the order of which is not required to be 

finite and correctly specified given appropriate conditions for it. Having in 

mind the above equation, the Dickey-Fuller’s assumption that the error 

process follows an AR(p) with p>1 process covers the case in which Δyt is a 

stationary AR(p) process under the unit root hypothesis against the alternative 

that yt is an AR(p+1) process. Before starting deriving the unit root tests 

under the Dickey-Fuller’s assumption for the error process, let us see an 

alternative representation for the autoregressive processes.  

       Suppose that the true process that generates the data satisfies the 

equation:  
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where {
t

 }~ i.i.d.(0, σ
2
) with finite bounded fourth moment. We will write 

the autoregression (3.5.1) in a different form. To do so, we define: 
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Thus, the autoregression (3.5.1) can be written as:  

 

           
tt

yL
p

L
p

LLL  















 


 1
1

1
.......2

21
1               (3.5.5)               

 

                                                        or 

 

 
tpt

y
pt

y
t

y
t

y
t

y  















11

........
22111

             (3.5.6)     



 

 67 

 

       One of the advantages of writing the autoregression (3.5.1) in the form of 

(3.5.6) is that under the hypothesis of a unit root only one of the regressors in 

(3.5.6), namely yt-1, is I(1), whereas all the other regressors 
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y  are stationary. Since no knowledge of any 

population parameters is needed to write the process in this form it is 

convenient to estimate the parameters by direct application of the ordinary 

least squares (OLS) procedure.  

       Let us now define the true process that will generate the data in this 

section as well as the appropriate estimated equation for the construction of 

the tests concerning the unit root hypothesis.  

Assume that the true process that generates the data has the following form:  
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where the error process u t follows an AR(p) process that has independent 

identically distributed innovations of finite bounded fourth moment. We are 

interested in testing the null hypothesis of a unit root that   = 1 in the 

equation of the form (3.5.7) which implies that the difference series Δyt follows a 

stationary AR(p) process against the alternative that   < 1 which implies that 

the series yt follows an AR(p+1) process. 

The equation of the form (3.5.7) is equivalent to the equation of the form: 
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with the latter being also equivalent to the equation of the form:  
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with the parameters   and  
i

  being equal to those specified in (3.5.2) and 

(3.5.3) respectively. 

       The last defined equation (3.5.8) which includes lagged changes in the 

dependent variable yt is the so called Augmented Dickey-Fuller 

autoregression and the test statistics concerning the unit root hypothesis in 

the equation defined in (3.5.7) are the so called Augmented Dickey-Fuller 

unit root test statistics. 

       We are ready now to generalize the results of the previous section under 

the four different cases when the estimated equation is written now in the 

form of (3.5.8). Before starting doing that, we will give a second proposition 

taken by Hamilton (1994, p.505) which its results are useful for constructing 

the limiting distributions of the Augmented Dickey-Fuller unit root test 

statistics. Again, its proofs are not given as it is not in the scope of this thesis.  
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with ξ0 = 0. Then, as   : 
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We are now in the position to generalize the results of the previous section 

under the four cases when the estimated equation is in the form of (3.5.8).  

 

Case 1 

 

Assume that the true process that generates the data satisfies the equation of 

the form (3.5.8) with d t = 0 and 1 : 
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and that the estimated equation is given by the following form:  
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where {εt}~ i.i.d.(0, σ
2
) with finite and bounded fourth moment and the roots 

of  
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are outside the unit circle. Let  
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vector of estimated OLS coefficients on the lagged changes in y, and let   be 

the corresponding true value. Then, for the normalized least squares 

estimator, 
T

̂ , we have that:  
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and for the studentized least squares estimator, 
T

̂ , we have that:  
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and ep+1 denotes a 1)1( p  vector with unity in the last position and zeros 

elsewhere and 
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Case 2 

 

Assume that the true process that generates the data satisfies the equation of 

the form (3.5.8) with d t = 0 and 1 : 
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 and that the estimated equation is given by the following form:  
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where {εt}~ i.i.d.(0, σ
2
) with finite and bounded fourth moment and the roots 
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and for the studentized least squares estimator, 
T

̂ , we have that:  
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and ep+2 denotes a 1)2( p  vector with unity in the last position and zeros 
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Case 3 

 

Assume that the true process that generates the data satisfies the equation of 

the form (3.5.8) with an included constant (dt = α) and 1 : 

 

      ttyptyptytyty   1........2211   

 

 and that the estimated equation is given by the following form:  
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(3.5.14)    

  

where {εt}~ i.i.d.(0, σ
2
) with finite bounded fourth moment and the roots of  
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are outside the unit circle. 

The estimated equation of the form (3.5.14) is equivalent to the following 

transformed specification: 
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     As we can see from (3.5.16), 
T

̂  converges at rate T
3/2

 to a Gaussian 

variable and all the other estimated coefficients converge at rate T
1/2

 to 

Gaussian variables. So, any tests involving the above coefficients of the 

estimated equation of the form (3.5.14) can be compared with the usual 

Tables. 

 

Case 4 

 

Assume that the true process that generates the data satisfies the equation of 

the form (3.5.8) with an included constant (d t = α) and 1 : 

 

      ttyptyptytyty   1........2211  

 

and that the estimated equation is given by the following form:  
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where {εt}~ i.i.d.(0, σ
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are outside the unit circle. The estimated equation of the form (3.5.17) is 

equivalent to the following transformed specification:  
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                                                                                                          (3.5.19)                            

where  
1
l ~ 





 V2,0      and  V   has been defined in the previous case .  

From (3.5.19) we can deduce that: 
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For the normalized least squares estimator, 
T

̂ , we have that: 
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and for the studentized least squares estimator, 
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3.6   REMARKS ON THE ADF – STATISTICS  

 

       The assumption that the error process in the simple autoregression is 

uncorrelated (i.i.d. or White Noise) is too restrictive for the real world. A 

major reason is that it is hard to believe that when the standard Dickey-Fuller 

test statistics reject the unit root hypothesis the stationary AR(1) process with 

or without a constant or a linear time trend describes well most of the 

economic and financial time series in practice. Another important reason is 

that if we allow for the error process to be serially correlated, for example to 

be an AR(p) with p>1 process, the standard Dickey-Fuller unit root test 

statistics are not any more valid. Dickey and Fuller (1979) approached the 

latter more realistic case by modifying the simple autoregression and got 

valid unit root test statistics, the so called Augmented Dickey-Fuller unit root 

test statistics. The latter case is actually covers the case in which the 

difference series follows a stationary AR(p) process around or not a constant 

or a linear time trend under the hypothesis of a unit root whereas the series 

follows an AR(p+1) process under the alternative. 

       As can also be noticed, the asymptotic distributions of the Augmented 

Dickey-Fuller unit root test statistics are identical to those of standard 

Dickey-Fuller unit root test statistics. The reason behind this result is that in 

the regression of I(1) variable on I(0) and I(1) variables, the asymptotic 

distribution of the coefficient of I(1) and I(0) variables are independent 

(G.S.Maddala and In-Moo Kim 2002). 

       Furthermore, the unit root test statistics proposed by Dickey-Fuller are 

based on finite-order autoregressive error processes, the orders of which 

assumed to be known. This assumption rarely holds in applied time series 

analysis and for this reason suggestions in selecting the unknown but finite p 

are needed. The last fact motivated Said and Dickey (1984) to extend firstly 

the Augmented Dickey-Fuller unit root tests in the general class of 

ARMA(p,q) error processes covering actually the case in which, under the 

hypothesis of a unit root the series of the first-differences are of the general 

ARMA(p,q) form with p and q unknown and secondly to show that there is no 

need to have exact knowledge on the parameters p and q if some specified 
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conditions hold. These issues are of great importance and are going to be fully 

analyzed in the next chapter.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 80 

CHAPTER 4 

 

UNIT ROOT TESTING UNDER ARMA 

ERROR PROCESSES 

 

4.1 INTRODUCTION 

 

       The standard Dickey-Fuller (DF) unit root testing procedures assume 

independent identically distributed errors and the Augmented Dickey-Fuller 

(ADF) unit root testing procedures take into account the possibility of the 

serial correlation of errors. In particular, they allow for the serial correlation 

to belong to the wide class of autoregressive (AR) processes and actually 

cover the case in which, under the hypothesis of a unit root the differenced-

data (Δyt) follow a stationary AR(p) process while under the alternative the 

data themselves (yt) follow an AR(p+1) process. A key shortcoming for 

applying the Augmented Dickey-Fuller unit root tests is that the practitioner 

must have prior knowledge about the order of the error process, knowledge 

that is not possible to get in practice since the true mechanism that generates 

the data is in most cases unknown. In fact, if we knew that the e rror process 

follows an AR process with a known order p, then the order of the Augmented 

Dickey-Fuller autoregression should be set to the value of p before applying 

the unit root testing procedures.  

       The Augmented Dickey-Fuller (ADF) unit root testing procedures were 

later extended by Said and Dickey (1984) to allow for the serial correlation to 

belong to the general class of autoregressive moving average (ARMA) error 

processes and cover the case in which, under the hypothesis of a unit root, the 

series of the first-differences are of the general stationary ARMA(p,q) form 

with p and q unknown while under the alternative the data themselves follow 

an ARMA(p+1,q) process. More specifically, in the case where the error 

process includes moving average components, they showed that the 

Augmented Dickey-Fuller autoregression is still valid for testing the unit root 
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null if the number of lagged terms of Δyt introduced as regressors increases 

with the sample size at a controlled rate T
1/3

. Essentially, the moving average 

error terms are being approximated by including enough autoregressive terms.  

     In this Chapter, we present Said and Dickey’s results. It is possible to 

approximate an ARIMA(p, 1, q) process by a truncated autoregression (which 

is actually the Augmented Dickey-Fuller autoregression with an infinite 

order) whose order is a function of the number of observations T.  Using the 

least squares procedure to estimate the coefficients in this autoregressive 

approximation produces test statistics whose l imiting distributions are the 

same as those tabulated in Chapter 3 and proposed by Dickey and Fuller 

(1976, 1979). Thus, it is possible to test the null hypothesis of a unit root 

without knowing p or q.  

       This Chapter is organized as follows. In section 4.2, we present the Said 

and Dickey’s key results for testing the hypothesis of a unit root in data 

whose innovations exhibit all sorts of dynamics best represented by some 

ARMA(p,q) process. Then, in section 4.3 we present Said and Dickey’s 

modeling approach to this specific and of great practical interest unit root 

hypothesis testing issue. Section 4.4 is concerned with an extensive 

discussion on the Said and Dickey’s key findings. In the end of this Chapter 

we give an Appendix that is involved with some key mathematical proofs on 

Said and Dickey’s modeling approach in order their development to be more 

understandable. 
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4.2 SAID AND DICKEY’S KEY RESULTS   

 

       Said and Dickey (1984) considered the following process with the serial 

correlation in errors described by: 

 

                                tutyty  1                  for t = 1,2,3,…… 

 

                                       and 

 

                






q

j
jtjt

p

i
ituitu

11

      for t = ….,-2,-1,0,1,2,….                       

                                                                                                                   

                                                                                                            (4.2.1) 

 

and it is assumed that {ut} is a stationary and invertible ARMA(p, q) process 

with p and q unknown, y0 = 0 and {εt} ~ i.i.d.(0, σ
2
) with finite fourth 

moment. In the case where the true mechanism that generates the data is 

assumed to satisfy the general process of the form (4.2.1) it holds that, if   < 

1 then {yt} ~ ARMA(p+1,q) whereas if   = 1 then {yt} ~ ARIMA (p,1,q). 

The null hypothesis to be tested is that of 1 . Notice that, under the null 

hypothesis that 1  the process of the form (4.2.1) can be written in the 

form: 

 

                            t
i

ituityty  





1
10                                   (4.2.2) 

 

where the coefficients ),....,3,2,1(   i
i

  are appropriate functions of the 

parameters  qjpiji ,...,2,1,,..,2,1,,  . 

Under the null hypothesis that 1  it also holds that:   

 

                                          tytytytu  1   
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       Said and Dickey (1984) proceeded with estimating the coefficients in 

(4.2.2) under the unit root hypothesis by regressing the data of the first -

differences Δyt on yt-1, Δyt-1, …… , Δyt-k  where k is an appropriately chosen 

integer since there is no knowledge about p and q and it is impossible to 

estimate an infinite number of parameters from a finite sample of 

observations T. More specifically, Said and Dickey (1984) have shown that to  

account for the time-dependence of the general ARMA(p,q) form in the errors 

under the unit root null, one can augment the regression of the form (4.2.2) 

with, say, k lagged terms of Δyt: 

                         

                            tk

k

i
ityityty  




1
10                               (4.2.3) 

 

The purpose of the number of the lagged terms of Δyt-i included in the above 

equation is to ensure that the innovations






  Tt

tk
,....,2,1

 , 
  will behave 

approximately as independent identically distributed.  Then, they proved that 

in order to get consistent estimates of the coefficients and test statistics it is 

necessary to let k be a function of the number of the observations T. They 

actually gave the following two conditions for the above purpose:  

 

(A1)  0
3


T

k
  and  k   as  T  

 

(A2)  there exists c > 0 and  r > 0  such that  ck > T
1/r

 , meaning that k is    

         bounded below by a positive multiple of T
1/r

 for some r > 0 .  

 

In this case, the limiting distribution of the τDF –test statistic for the 

coefficient on the lagged dependent variable y t-1 considered in Chapter 3 and 

is the basis for testing the unit root hypothesis  have the same τDF-Dickey-

Fuller distribution as when the errors are independent identically distributed.   
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       The last result extends naturally to the inclusion of deterministic 

components in (4.2.1). In that case the Wiener (Brownian Motion) process is 

replaced by its detrended counterpart.  

       This second condition is actually a lower bound condition that restricts k 

to be at least a polynomial rate in T and its role is to force k to be large 

enough that the truncated autoregression of the form (4.2.3) is a good 

approximation to the autoregression of the form of (4.2.2). We will see that 

(A2) enters the analysis only when considering the stationary lagged terms 

Δyt-i.  

       In practice, Said and Dickey (1984) showed that it would be sufficient to 

increase the number of lagged terms on Δyt as a function of the sample size, 

at a rate no faster than T
1/3

. This does not suggest, however, what should be 

the appropriate value of k in a given application. This is no trivial matter. 

Choosing too small a k will distort the size (significance level) of the tes t 

statistics. Choosing too big a k will reduce the degrees of freedom and the 

power of the tests, which will too often lead falsely to the non-rejection of the 

unit root hypothesis. So, selection methods are needed for choosing the 

appropriate lag number k to be included in the autoregression of the form 

(4.2.3) provided that these selection methods must satisfy the Said and 

Dickey’s conditions. These issues are going to be ful ly analyzed in the next 

sections.   
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4.3 SAID AND DICKEY’S MAIN STEPS IN THE PROOFS 

 

       Said and Dickey (1984) first considered the case where the errors belong 

to the simple stationary and invertible ARMA(1,1) process with normal 

innovations and then extended to the more general case where the errors 

belong to the stationary and invertible ARMA(p,q) processes of unknown 

order and with independent identically distributed innovations.  

       We will present the Said and Dickey’s approach to the already mentioned 

unit root hypothesis testing problem in the case where the errors follow a 

stationary and invertible ARMA(1,1) process and then the extension to the 

general case where the errors follow a stationary and invertible ARMA(p,q) 

process of unknown p and q case comes up naturally with analogous 

statements.  

       Assume that the true mechanism that generates the data is given by the 

following equation with the error process described by:  

 

                                   tutyty  1              for t = 1, 2, 3, ……… 

 

                                            and 

 

                             11  tttutu         for t = ….. , -2, -1, 0, 1,2, …. 

                                                                                                                   

                                                                                                            (4.3.1) 

 

and it is assumed that | φ | < 1 ,  | θ | < 1 , y0 = 0 and {εt} ~ i.i.d.N(0, σ
2
) with 

finite fourth moment. If   < 1 then {yt} ~ ARMA(2,1) whereas if   = 1 then 

{yt} ~ ARIMA (1, 1, 1). The desired unit root hypothesis that 1  and will 

be tested. Under the null hypothesis that 1 , the process of the form (4.3.1) 

can be written in the form: 

 

           ttutututytyty  




  .......3

2
21111   

or 
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                          t
i

ituityty  





1
10                                     (4.3.2) 

 

where ζ0 = 1 and ζi = ( φ+θ )(-θ)
i-1

 , i > 0. 

Under the null hypothesis that 1  it also holds that:   

 

                                       tytytytu  1   

 

       Said and Dickey (1984) proceeded with estimating the coefficients in 

(4.3.2) under the unit root hypothesis by regressing the data of the first -

differences Δyt on yt-1, Δyt-1 ,.…, Δyt-k  where k is an appropriately chosen 

integer since it is impossible to estimate an infinite number of parameters 

from a finite sample of observations T. 

Letting ζ0 = 1 and ζi = (φ+θ)(-θ)
i-1

 , i > 0, be the coefficients in (4.3.2) and 

 /,......,2,1 ktutututX  , 







 /,

1 t
X

t
y

t
U  and   k ,.....,1,0

/  , the 

truncated version of (4.3.2) under the unit root hypothesis is:  

 

                             tk

k

i
ityityty  




1
10                              (4.3.3) 

 

Notice that the truncated innovations,






  Tt

tk
,....,2,1

 , 
 , are not independent 

identically distributed random variables for any k. In fact  /
tUtytk  . If 

we define  TkTT ,,.......,,1
ˆ,,0

ˆˆ    to be the vector of the estimated 

coefficients in the truncated autoregression of the form (4.3.3), the OLS 

deviation of the estimated coefficient vector ̂  from the true-valued 

coefficient vector ζ is given by the formula:  

 

                             






























 tktUtUtU 

1

/ˆ                                 (4.3.4) 
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where    denotes hereafter summation over the observations t = k+1, …., T. 

       Consulting the rates of convergence for this case in order to get statistical 

meaningful test statistics and limiting distributions, we define the beneath

)1()1(  kk  diagonal matrix: 

 

            2/1,,.........2/1,2/1,1  kTkTkTkTdiagTD          (4.3.5)      

                                                                                                                  

We also let DT(1) be the first diagonal element of the diagonal matrix DT and 

DT(k) be the lower right )( kk   block of DT. 

Pre-multiplying equation (4.3.4) by 
1

T
D  we have that: 

 

                             


tktUTDTDRTDTD  1
0

ˆ1
                        (4.3.6) 

 

where              

 

                   

























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1

/
1

2
1/

0
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X
t

X
t

X
t
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t
X

t
y

t
y

t
U

t
UR                              (4.3.7) 

 

and 

 

      














 


 
 




kMkTtXtykT

tXtykTtykT
TDRTD

1)(1
2/3)(

/
1

2/3)(2
1

2)(
0  

 

where 

 

                                           
/
tXtXkM  

We also let R0(1) be the first diagonal element of the matrix R0. Using also 

the beneath definitions of:    jtuitujiu  , which denote the 

autocovariance function of the stationary series u t,  jiuij   , where Γ is 
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a kk   matrix,       kuuu  ,.......,2,1/  , 
tt

W   ......
21

 and the 

block diagonal matrix        


 ,2
1

22121
t

WkTdiagR  , we are in 

the position to present some useful findings of Said and Dickey (1984) that 

are involved with the notion of || . || to signify the usual Euclidean norm. 

These are going to be presented in terms of five steps in order to be  

simplified.  

       Let us reconsider the formula (4.3.6) in order to prove firstly the 

consistency of the least squares estimated coefficient vector ̂ : 

 

Step 1: Asymptotic equivalence of DTR0DT and R 

 

       

 

      






 






 



tktTtktTTT UDRUDRDRD

tktUTDRRTDRTD

tktUTDTDRTDtktUTDTDRTDTD







1111
0

1

1111
0

1

11
0

11
0

ˆ1

 

 

Taking now the usual Euclidean norm of both sides above we obtain:  

 

       

 

    
      ||||||||||||||||

||||

||1111
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1||

||11
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1||||1
0||||ˆ1||

1111
0

1

1111
0

1

















 






 
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tktTtktTTT

tktTtktTTT

UDRUDRDRD

UDRUDRDRD

tktUTDRRTDRTD

tktUTDTDRTDtktUTDTDRTDTD









 

 

Said and Dickey (1984, p.601-603) proved that: 

 

        )1(||111
0

1||2/1
poRTDRTDk 





 

   and    )1(||1|| pOR   
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under the condition 0
3


T

k
 as T , where op(1) and Op(1) denote 

convergence to zero and boundness in probability, respectively, as their next 

Theorem and Lemma claim: 

 

Theorem 1 

 

Under the assumptions of the process (4.2.1) with 1  and 03

1




kT

(notice that this is the first part of the condition (A1)), it holds that  

)1(||111
0

1||2

1

poRTDRTDk  . 

 

Lemma 1 

 

Under the assumptions of the process (4.2.1) with 1 , ||R
-1

||=Op(1). 

 

Step 2: Consistency of   TkTT ,,.......,,1
ˆ,,0

ˆˆ    

 

It now remains to consider the term  tktUTD  , which is actually the 

second term of (4.3.6), in order to find its order. Said and Dickey (1984) gave 

the following Lemma that is concerned with it:  

 

Lemma 2 

 

Under the conditions (A1) and (A2), as T : 

 

a)    
 )1(|||| T

p
O

ttkt
U

T
D   

 

b)   )2

1

(|||| k
p

O
tt

U
T

D     
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c)   )2

1

(|||| k
p

O
tkt

U
T

D    

 

Proof: See Appendix of Chapter 4 

 

The above mathematical proof is actually based on the second part of the 

condition (A1) as well as on the condition (A2). Through Lemmas 1, 2 and 

Theorem 1, Said and Dickey (1984) proved the consistency of the least 

squares estimated coefficient vector ̂  as the next theorem claims: 

 

Theorem 2   

 

Under the assumptions of the process (4.3.1) with 1 , it holds that 

0||ˆ|| 
p

  under the conditions (A1) and (A2).  

 

Proof: See Appendix of Chapter 4 

 

     To summarize, Said and Dickey (1984) proved that in order to get 

consistent estimates of the coefficients and test statistics it is necessary to let 

k be a function of the number of the observations T. Let us now consider the 

rates of convergence of T,0̂  and )(ˆ k   TkTT ,
ˆ,.....,,2

ˆ,,1
ˆ   under the two 

imposed conditions (A1) and (A2). 

 

Step 3: The vector )(ˆ k  TkTT ,
ˆ,.....,,2

ˆ,,1
ˆ   is T - consistent 

 

The rate at which the vector )(ˆ k  TkTT ,
ˆ,.....,,2

ˆ,,1
ˆ   converges can be 

found by writing: 
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


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



 

 

where R
*-1

 denotes (DT(k)MkDT(k))
-1

. 

Taking now the usual Euclidean norm of both sides above we obtain:  
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











     

                       )1())()(ˆ( pOkkT     for  i=1,2,3,….,T. 

 

So, the estimated coefficient vector )(ˆ k  TkTT ,
ˆ,.....,,2

ˆ,,1
ˆ   is T

consistent under both conditions (A1) and (A2).  

 

 

Step 4: The coefficient T,0̂  is T – consistent 

 

As far as the rate of convergence of the estimated coefficient T,0̂  is 

concerned, it holds that: 
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where R
**-1

 denotes (DT(1)R0(1)DT(1))
-1

. 

Taking now the usual Euclidean norm of both sides above we obtain:  
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meaning that T,0̂  is T-consistent under the condition (A1), whether or not 

the lower bound condition (A2) is satisfied. 

 

 

Step 5: Asymptotic convergence of 0,0
ˆ  T  to the DF- distribution 

 

Their next step was to derive the limiting distributions of the Dickey-Fuller 

unit root test statistics. The first element of    ˆ1
TD  is: 
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                    








  

 tktykTtykTTkT  1
1

1
2

1
21ˆ  

 

Using the beneath lemma: 
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For   T : 

a)   
 

 

 
)2

1

(2
121

212
12

1













T
p

O
t

W
t

y
kT 


 

b)   
 

)1(
1)(

1

1

1 





T
p

O
tt

y
kTtkt

y
kT

  

c)   
 

)2

1

(
1)1(

)1(

)(

1

1

1











T

p
O

tt
W

kTtt
y

kT





  

 

along with the definition of Dickey-Fuller (1979) for the random variables 

(Γ,ξ) where  

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  and their proof that: 

 

                      ,
1

12,2
1

22 




  





 L

tt
WT

t
WT  

 

they showed that the distribution of  Γ
-1

ξ  is the same as the limiting 

distribution of: 

 

                                       1ˆ111  TkT   

 

       The limiting distribution of the above ZDF - test statistic involves the 

unknown parameters φ and θ and for this reason can not be used directly for 

unit root testing. However, these unknown parameters can be consistently 
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estimated and there exists a transformation of the ZDF – test statistic which 

eliminates these parameters asymptotically (Xiao and Phillips (1998)) but 

such considerations are not in the scope of this Thesis. In contrast, the 

limiting distribution of the τDF –test statistic associated with T̂  does not 

depend on any unknown parameters as the next theorem claims:  

 

Theorem 3 

 

Under the assumptions of Theorem 1, define: 

 

                                   1ˆ2

1
2ˆ11 







 TCDF   

where C11 is the upper left-hand corner element of 1
0
R  , 0,0

ˆ1ˆ   TT  

and 2̂  is the error mean square from regression (4.3.3).  Then the limiting 

distribution of τDF-test statistic is equal to the distribution of  Γ
-1/2

ξ  which is 

equivalent to the distribution of the form (3.3.10).  

 

       So, the limiting distribution of the studentized τDF – test statistic of the 

coefficient on the lagged dependent variable yt-1 for the case considered in 

this section has the same τDF - Dickey-Fuller distribution as when the errors 

are independent identically distributed.  

       Said and Dickey (1984) proved that the above results(Theorems and 

Lemmas) are still valid to the higher order ARMA error processes of unknown 

order and for this reason they generalized them immediately.  

 

4.4   RELAXING SAID AND DICKEY’S CONDITIONS:  

        THE NG AND PERRON’S EXTENSIONS 

 

       We saw that Said and Dickey (1984) imposed the following conditions in 

order to guaranty the consistency of the least squares estimated coefficient 

vector  TkTT ,,.......,,1
ˆ,,0

ˆˆ   : 
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(A1)  k is chosen as a function of T such that:  

 

                                0
3


T

k
  and  k  as  T    

 

(A2)  there exists c > 0 and r > 0 such that:  

 

                                                    rTck

1

  

meaning that k is bounded below by a positive multiple of   rT

1

  for some 

strictly positive r. This second is actually a lower bound condition that 

restricts k to grow at least at a polynomial rate in T and its role is to force k to 

be large enough that the truncated Augmented Dickey-Fuller autoregression 

of the form (4.3.3) is a good approximation to the true process of the form 

(4.3.2) and enters the analysis only as a condition to ensure the T - 

consistency of the estimated coefficient vector  TkTk ,,.......,,1
ˆ)(ˆ    (see 

Step 3 and its mathematical proof in Appendix in the end of the Chapter).  

       Condition (A1) has also been used by Berk (1974) who dealt with 

approximating a stationary process {ωt} by fitting a truncated autoregression 

of order, say, k: 

 

                                        tk

k

i
itidt  




1

 

 

In particular, he proved that under the condition (A1) and  

 

        (A3)   k satisfies  0

1

||2

1




 ki
i

dk  and  k  as  T  

 

the estimates involved in the fitted truncated autoregression are consistent. 

The last condition (A3) is satisfied for any stationary and invertible ARMA 
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process as long as k  as T , irrespective of the rate at which k 

increases. Condition (A3) is more relaxed than the condition (A2) as it allows 

k to grow at slower rates compared to (A2) which restricts k to grow at least 

at a polynomial rate. In addition, Berk (1974) and later Lewis and Reinsel 

(1985) in a related work of approximating a stationary process by fitting a 

truncated autoregression of order, say, k used the condition (A1) along with 

the condition below: 

 

           (A4)  k satisfies  0

1

||2

1




 ki
i

dT  as k  and T  

 

to prove T consistency of the estimated coefficients involved in the fitted 

truncated autoregression.  

       The conditions (A3) and (A4) proposed by Berk (1974) and Lewis and 

Reinsel (1985) have direct application to the case where ωt=Δyt and di=ζi if 

the process {yt} defined in (4.2.1) and analyzed by Said and Dickey (1984) is 

assumed to be stationary. 

       Ng and Perron (1995) considered the validity of all Said and Dickey’s 

results in the absence of the lower bound condition (A2). The importance of 

such a result will be mentioned later in this Chapter and is going to be 

analyzed extensively in Chapter 5. Their following lemma is involved with 

the above statement: 

 

Lemma 4  

 

Suppose that the DGP for {yt} is given by (4.2.2) where {εt} ~ i.i.d.(0, σ
2
) 

with bounded fourth moment and {u t} is a stationary and invertible process 

with autoregressive and moving average polynomials that do not share 

common roots. Let also the limiting distribution of the studentized 
DF

 test 

statistic be obtained from the truncated autoregression of the form (4.2.3) 

with k chosen such as to satisfy only (A1).  
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      Then, (a) the asymptotic distribution of the 
DF

 test statistic continues 

to be given by (3.3.10) without (A2) and (b) the estimated coefficient vector 

 TkTk ,,.......,,1
ˆ)(ˆ    is not in general T consistent for the true-valued 

coefficient vector ζ if (A2) or (A4) does not hold. In that case, if there exists 

)1,0(  and C > 0 such that 
j

Cj  || , then it follows 

)1(),
ˆ( pOiTi

k    for i = 1, 2, …. , k. 

 

       This lemma of Ng and Perron (1995) states that the consistency of the 

estimated coefficients on the stationary regressors in the Augmented Dickey-

Fuller autoregression of the form (4.2.3) is not violated if (A1) alone holds. It 

also states that there is no change in the structure of the limiting distribution 

of the studentized 
DF

 test statistic for testing the unit root hypothesis that 

1  if (A1) alone holds. Although T consistency of the estimated 

coefficients on the stationary regressors in the Augmented Dickey-Fuller 

autoregression is not assured without the condition (A2), T,0̂  is still T-

consistent (remember that we proved the T – consistency of T,0̂  without the 

lower-bound condition (A2) in step 4). The importance of the last lemma 

comes from the fact that allows k to be chosen to have a logarithmic rate, 

which we will see that is of special interest, in contrast to (A2) or (A4) wh ich 

rule it out. On the other hand, all these statements do not indicate that (A2) 

condition is not important. Therefore, choices of k that satisfy conditions (A2) 

and (A4) will yield coefficient estimates on the stationary regressors in the 

Augmented Dickey-Fuller autoregression that achieve T  consistency and 

for this reason can be expected to lead to unit root tests that have better finite -

sample properties than choices of k that do not satisfy (A2).  

       Let us now see why the T consistency of the estimated coefficients on 

the stationary regressors in the Augmented Dickey-Fuller autoregression is 

not assured without the condition (A2). To do this, we have to re-establish the 

order of the term    ||)(||||)(|| ttktXTDttktUTD  .  
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It holds that: 
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provided that )1,0(  satisfies the condition 
j

Cj  ||  for some constant C1 

different from c and k , which is assured under the condition (A1). So, using 

the above derivations we get: 

 

                                 )1(||

1

)(|| po
T

kt
ttktXTD 



           

 

under the absence of the lower-bound condition (A2). 

       The rate at which the estimated coefficient vector )(ˆ k

 TkTT ,
ˆ,.....,,2

ˆ,,1
ˆ   converges under the absence of the lower bound 

condition (A2) can be found by writing:  
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Taking the usual Euclidean norm of both sides above we obtain:  
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If condition (A2) holds, we saw that: )1(),
ˆ( pOikiT   for i=1,2,3,….,T. 

If condition (A2) does not hold, then: 

 

 )1())()(ˆ()2/1(||))()(ˆ(|| pOkkkorkpOkkk           

for  i=1,2,3,….,T  since  02/1 kk   as  k .   

                  

       Having concerned with the appropriate conditions that the degree of 

augmentation, or the lag order k, must satisfied in order to get statistical 

meaningful results, a direct application of them provide theoretical rather than 

practical guidance for choosing it. So, selection methods are needed for 

choosing the appropriate lag number k to be included in the truncated 
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autoregression of the form (4.2.3) provided that these selection methods, 

whatever will be, must satisfy the conditions just mentioned.  

 

  

 

                   Appendix of Chapter 4: Mathematical proofs 

 

 

Lemma 2 (p. 70-71) 
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For the first term we have the following: Since {ut} is a stationary invertible 

ARMA process, there exists a sequence of real numbers {ζj}, a number 0 < λ 

< 1 and a number M such that || j  < 
j

M   (Fuller, 1976, Theorem 2.7.2). 

Taking the above considerations into account we have that:  
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where C1 is a constant number. 

For the second term, it holds that: 
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under the lower bound condition ck>T
1/r

 for some c>0 and r>0 and the direct 

application of assumption (iv) of Berk’s (1974) Theorem 2, p.495. 

Finally, using the above derivations we get:  
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using the independence of  jtu    and  
t

   for  j > 0 and  the direct 

application of Berk’s (1974)  Lemma 1, p.492. 

On the other hand, using the same facts as above, it holds that: 
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(see Hamilton, 1994, p.497). So, 

 

)2/1(||

1

||

)()2()(2||

1

||

k
p

O
T

kt
tt

U
T

D

k
p

OT
p

Ok
p

O
T

kt
tt

U
T

DE











 

 

c) Combining parts (a) and (b) we have that:  
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Proof of Theorem 2 (p.71)   

 

Under the assumptions of the process (4.3.1) with 1 , it holds that 

0||ˆ|| 
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  under the conditions (A1) and (A2).  
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Taking norms we get: 
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Finally, 
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CHAPTER 5 

 

LAG LENGTH SELECTION METHODS 

FOR THE ADF TESTS 

 

5.1 INTRODUCTION 

 

       Model selection is a crucial issue in the science of statistics.  Model 

selection refers to the procedure that selects hypothesized models which 

describe in a best way an experiment under study. The usual statistical theory 

involves the selection of a class of models using various procedures including 

applications of significance tests or maximization of specified criteria that 

work in a satisfactory way under certain conditions. Model selection in our 

case refers to the procedure that selects the appropriate lag number to be 

included in the Augmented Dickey-Fuller autoregression as well as in the 

Augmented Dickey-Fuller τDF – test statistic in order to obtain desirable 

statistical properties for the resulting testing procedure. In this Chapter we 

will present the theory concerning the choice of the lag number to be included 

in the Augmented Dickey-Fuller autoregression and its implications to the 

Augmented Dickey-Fuller τDF – test statistic when it tests unit root 

hypotheses using selection criteria of the type just mentioned. We will notice 

in the foregoing sections that the theory is developed for giving satisfactory 

results asymptotically, so Monte Carlo simulation experiments are needed for 

examining the results of the various selection criteria in finite samples. The 

latter will be the main issue of the next Chapter.  

       The data generating process that is considered and used in this Chapter 

has the same form considered by Said and Dickey (1984):  
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t

u
t

y
t

y 
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
1

  

 

                                                   and 

 

                                         
t

u ~ ARMA(p, q) 

 

with the autoregressive and moving average parameters involved in the 

stationary ARMA(p, q) error process denoted by  qjpiji ,...,2,1,,..,2,1,,  , 

respectively, and the unit root hypothesis that 1  is going to be tested 

through the studentized unit root τDF – test statistic using the Augmented 

Dickey-Fuller autoregression of the form: 
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1
10                                  (5.1.1) 

 

for various values of the parameters p and q.  

 

 

5.2 THE SIMPLEST METHOD 

 

     The simplest way to choose the lag number k to be included in the 

Augmented Dickey-Fuller autoregression of the form (5.1.1) before applying 

the Augmented Dickey-Fuller unit root 
DF

 test is that of being 

independent of the number of observations T meaning, for example, that we 

can allow it to take any value we like. Ng and Perron (1995) fixed k to belong 

in the range [1, 10] and constructed Monte Carlo simulation experiments to 

investigate the performance of the unit root 
DF

 test statistic in the context 

of its size and the power. These are going to be illustrated extensively in the 

next Chapter. 
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5.3 THE DETERMINISTIC METHOD 

 

       Schwert (1989) suggested choosing the lag number k to be included in 

the Augmented Dickey-Fuller autoregression before applying the Augmented 

Dickey-Fuller unit root 
DF

 test as a deterministic function of the number 

of observations T. In particular, Schwert (1989) defined: 
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where ‘int’ denotes the integer before the first decimal point, for arbitrary 

given constants c and d. More specifically, values of c=4 and 12 and d=4 were 

used for k to be calculated for different sample size choices. Schwert (1989) 

also constructed extensive Monte Carlo simulation experiments to investigate 

the performance of the unit root 
DF

 test statistic in the context of its size 

and the power. These are also going to be illustrated extensively in the next 

Chapter. 

       The practical problem that appears from using this specified 

deterministic method for selecting the lag number k is that one is faced with a 

given sample size in practice and this fact leads to the calculation of the right 

c and d in the deterministic function of k unless c and d happen to be chosen 

correctly. 

       Furthermore, deterministic methods like this proposed by Schwert (1989) 

as well as the simplest one for choosing the lag number k to be included in the 

Augmented Dickey-Fuller autoregression are not good practical guidelines for 

asymptotic inference. Indeed, the value of k that ensures an exact size close to 

the nominal size and also produces high power is strongly dependent on the 

actual data generating process and its error process, that is, the values of the 

moving average and autoregressive parameters, information that these two 

criteria do not take into account and for this reason have to be avoided as a 

matter of practice. However, as we will notice in the next Chapter, studying 
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the results of these two selection methods mentioned above, a significant 

problem on the statistical properties of the unit root τDF – test statistic starts 

to appear. 

 

 

5.4 SEQUENTIAL METHODS 

 

       The sequential tests, as Ng and Perron (1995) claim, belong to a 

general-to-specific modeling strategy and used for choosing, for example, 

between a model with, say, (k-h)-regressors and a model with k-regressors. In 

the case where the model is the Augmented Dickey-Fuller autoregression of 

the form (5.1.1), the discrimination of the Augmented Dickey-Fuller 

autoregression of order, say, k-h and the Augmented Dickey-Fuller 

autoregression of order k can be done as follows: 

       Let ),(ˆ khk   denote the estimated vector of the coefficients 

),
ˆ

,......,,1
ˆ( TkThk    obtained by applying the least squares procedure to 

the Augmented Dickey-Fuller autoregression of the form (5.1.1), with:  
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and let: 
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Let also )(1
,0

h
k

R  be the lower-right ( hh ) block of the matrix 
1

k
R . 

       Giving the above definitions, the discrimination of the Augmented 

Dickey-Fuller autoregression with (k-h) and k-lagged terms can be done by 

considering the hypothesis that the coefficients on the last h-lagged terms are 
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jointly equal to zero and can be tested through the Wald test -statistic that 

defined as follows: 

 

                211
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kk

khkhRkhkkhkJ                        

(5.4.1) 

 

       Ng and Perron (1995) gave the beneath Lemma that is concerned with the 

limiting distribution of the Wald, J(k-h, k), test statistic defined above and is 

useful in establishing later in this section the limiting distribution of the 

studentized τDF – test statistic when testing the null hypothesis of the unit 

root. 

 

Lemma 4 

 

Let {yt} be generated by (4.2.1) and suppose that the conditions (A1) and 

(A4) hold. Let ),
ˆ,....,,1

ˆ()(ˆ TkTk    be the estimated coefficient vector on 

the stationary variables included in the Augmented Dickey-Fuller 

autoregression of the form (5.1.1) and let the Wald, J(k-h, k), test-statistic be 

as defined in (5.4.1). Then, the Wald, J(k-h, k) test-statistic is asymptotically 

chi-squared distributed with h-degrees of freedom. 

 

The Wald test statistic that has been described above leads to the standard t -

test statistic if we replace h with unity, h=1.  

       Simply speaking, in the case of the Augmented Dickey-Fuller 

autoregression of order, say, k, the standard t-test deals with the significance 

of the coefficient on the last k-th lagged term and takes the form of:  
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where )1(1
0
R  is the first diagonal element of the matrix 1

0
R  defined in 

(4.3.7), and is actually the square root of the Wald, J(k-1, k), test statistic. 
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The standard t-test chooses a value of k̂  if 
k

t
̂

is significant at some pre-

specified level α in an estimated Augmented Dickey-Fuller autoregression of 

the form (5.1.1) of order k̂ , whereas the t-tests 
k

t
̂

are insignificant in the 

estimated autoregressions of order k for all k in the range  ]max,ˆ kk . 

       Having illustrated the Wald as well as the standard t – test statistics of 

the form (5.4.1) and (5.4.2) respectively, let us make some comments on 

them. The Wald, J(k-h, k), test statistic requires k̂  to be chosen from a set of 

possible values {0, 1, 2, …. , kmax} where kmax has to be selected a priori in a 

way to satisfy the condition (A1). Ng and Perron (2001) set, for example, 
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max

T
k  but mentioned that other values are also valid. Ng 

and Perron (1995) gave the following definition that is concerned with this 

specific Wald test statistic. 

 

Definition 1 

 

The general-to-specific modeling strategy chooses k̂  to be either a) h+1 if, at 

a prespecified level α, J(k-h, k) is the first test in the sequence J(i-h, i) where 

{i = kmax-1, ….. , 1} which is significantly different from zero b) zero if J(i -h, 

i) is not significantly different from zero for all {i = kmax-1, ….. , 1}. 

 

Letting h being equal to unity in the above definition we get a special case  of 

the general-to-specific modeling strategy. This is the standard t -test 

concerning the significance of the coefficient on the last lagged-term. 

Furthermore, the Wald, J(k-h, k), test statistic is chi-square distributed with h-

degrees of freedom under the conditions (A2) and (A4) meaning that k has to 

increase at some polynomial rate or at a rate that (A2) or (A4) is satisfied. In 

fact, Ng and Perron (1995) stated that the truncated lag number selected by 

general-to-specific modeling strategy will be grown at the same rate as kmax as 

the next Lemma states: 
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Lemma 6 

 

If the order k̂  of the Augmented Dickey-Fuller autoregression is selected by 

means of general-to-specific modeling strategy and its maximum order kmax 

increases at a rate such that (A1) and (A4) are satisfied, then its order k̂  

increases at the same rate as kmax. 

 

According to this Lemma, if kmax is selected to increase at a polynomial rate 

then k̂  selected due to the general-to-specific strategy will also increase at a 

polynomial rate. This implies that conditions (A1) or (A4) can be satisfied 

with judicious choice of kmax, thereby ensuring that the results of the Lemma 

4 hold. 

       Now we are in the position to determine the asymptotic distribution of 

the unit root τDF –test statistic when k chosen due to the general-to-specific 

modeling strategy. 

 

Theorem 4 

 

If the maximum order of the Augmanted Dickey-Fuller autoregression kmax 

satisfies conditions (A1) and (A4) and its order k̂  is chosen according to the 

general-to-specific modeling strategy, then the limiting distribution of the 

studentized τDF –test statistic when testing the hypothesis of the unit root is  of 

the form of (3.3.10). 

 

 

5.5  INFORMATION CRITERIA (IC) METHODS    

 

       Time series analysis involves both model identification and parameters 

estimation. The identification problem is the more difficult part. Once the 

functional form of the model is specified, estimating the parameters of the 

model is usually straightforward. 
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       To identify the model that best represents the data of a time series, it is 

necessary to be clear about the purpose of the model. Here, we are concerned 

with the predictive accuracy of a model. A model is chosen by studying the 

data values in a fit set. It is then used to predict future values of the time 

series. The model can be forced to fit the data increasingly well by increasing 

its order. However, as it is well known, the fact that the fit set errors are small 

is no guarantee that the prediction set errors will be.  

       Many of the terms in a complex model may simply be accounting for 

noise in the data. Such overfitted models may predict future values of the time 

series quite poorly. Even when the true order of the data generating process is 

known, a lower order may give better predictions. Thus, to arrive at a model 

that represents only the main features of the series, selection criteria that 

balance model fit and model complexity must be used. 

       In the context of a stationary process that is approximated by fitting a 

truncated autoregression of order, say, k Hannan and Deistler (1988) 

considered the global minimization of the beneath objective function of the 

general form: 

                                       
T

TC
k

k
kIC  )2~ln()(                                      (5.5.1) 

 

for selecting its appropriate order in order to minimize its prediction error, 

where CT is a sequence that satisfies CT > 0 and 0
T

T
C

 as  T  and 
2~
k

  

is the estimated variance computed from the fitted truncated autoregression 

with, say, k regressors and a sample size of T observations using least squares 

procedure. 

       Two of the most known criteria are that of Akaike, named Akaike 

Information Criterion and denoted as AIC and that of Schwarz, named 

Schwarz or Bayesian Information Criterion and denoted as BIC.  The use of 

AIC has originally been motivated by the wish to maximize the value of a 

quantity which called predictive accuracy of a model and the use of BIC is 

motivated by the Bayesian idea that one should choose a model with the 

largest posterior probability. The AIC is obtained as a special case of 
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(5.5.1) with CT = 2 and the BIC as a special case of (5.5.1) with C T = lnT. Of 

course, there are many other criteria that actually differ only in C T, the weight 

applied to overfitting, but all use k as the penalty to overfitting.  

       Ng and Perron (1995) summarized a result of Hannan and Deistler (1988) 

that is relevant to the context of the unit root testing issue, as we will notice 

in the subsequent analysis in this section, and is concerned with a basic 

property that the order of the fitted truncated autoregression satisfies when 

the latter is fitted to approximate a stationary process. Specifically, it is 

proportional to a specific function of the number of observations T as the next 

Lemma claims: 

 

Lemma 7  

 

Let {ωt} belong to the general class of the stationary and invertible ARMA 

processes with finite fourth moment and let us assume that we fit a truncated 

autoregression of order, say, k: 
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 and define: 
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where tk~  are the residuals obtained from the fitted truncated autoregression 

of the form (5.5.2) by applying the least squares procedure. Let C T be a 

function of T such that CT > 0 and 0
T

T
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 as T  and 
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provided that kmax satisfies the condition (A1). Then, 1
ln

~

lim 
 Tb

Tk

T
, for 

some constant b. 

 

       The result that the global minimization of the objective function of the 

form (5.5.1) chooses a value of k that is proportional to lnT in a univariate 

stationary and invertible ARMA process is due to Shibata (1980) and Hannan 

and Deistler (1988) provided a unified asymptotic framework to show that the 

feature of lnT proportionality is generic to Information Criteria based rules 

applied, in particular, to the general class of the stationary and invertible 

ARMA processes. The result of the above Lemma 7 is useful in studying the 

properties of the truncated lag number k within the context of an Augmented 

Dickey-Fuller autoregression of the form (5.1.1) derived for an autoregressive 

integrated moving average ARIMA (p, 1, q) process. Indeed, the following 

Lemma shows that the result of Lemma 7 extends to this latter case:  

 

Lemma 8 

 

Let {yt} satisfy the following process: 
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where tk̂  are the least squares residuals obtained from the Augmented 

Dickey-Fuller autoregression of the form (5.1.1). Define also:  
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where tk~  are the least squares residuals obtained from the fitted truncated 

autoregression of the form (5.5.2) with ωt = Δyt. Then: 
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uniformly in k, provided that k satisfies the condition (A1).  

 

Lemma 8 implies that the difference between the residual sum of squares from 

the Augmented Dickey-Fuller autoregression of the form (5.1.1) and the 

restricted one of the form (5.5.2) with ωt = Δyt is op(T
-1/2

) uniformly in k. 

Therefore, the Information Criteria and the corresponding values of k that 

minimize such criteria are asymptotically the same in both cases. Thus, the 

AIC and BIC, when applied to the Augmented Dickey-Fuller autoregression 

denined in (5.1.1), also select truncation lags proportional to lnT under the 

null hypothesis of a unit root that 1 . Notice also that the lnT 

proportionality satisfies the condition (A1) that 0
3


T

k
 and k  as T  

in contrast to the conditions (A2) or (A4) which rule it out since they require 

for k to grow at least at a polynomial rate. As far as the limiting distribution 

of the unit root τDF –test statistic is concerned, is summarized in the following 

Theorem of Ng and Perron (1995): 

 

Theorem 5  

 

Let {yt} satisfy the assumptions of the general process of the form (4.2.1).  

Under the null hypothesis of a unit root, if the order of the Augmented 
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Dickey-Fuller autoregression selected using an Information Criterion in the 

class of IC(k) as defined in (5.5.1) such that to satisfy the condition (A1), 

then the unit root τDF –test statistic has the limiting distribution defined by 

(3.3.10). 

 

 

5.6 CORRECTED INFORMATION CRITERIA (ICC)    

         METHODS   

 

       Let {ωt} belong to the general class of the stationary and invertible 

ARMA processes with finite fourth moment and let also be approximated by 

fitting a truncated autoregression of order, say, k:  

 

                                 tk

k

i
itidt  




1

                                           (5.6.1) 

 

       Ng and Perron (2000) restudied issues related to the order of such an 

above autoregression selected using the global minimization of the objective 

function of the form (5.5.1). In particular, they studied the sensitivity of the 

estimated order to (a) whether the effective number of observations is held 

fixed when estimating models of different order, (b) whether the estimate of 

the variance is adjusted for the degrees of freedom, and (c) how the penalty 

factor for overfitting is defined in relation to the total sample size. Their 

Monte Carlo simulation experiments showed that the lag length order selected 

using the global minimization of the objective function of the form (5.5.1) is 

sensitive to these parameters in finite samples. Furthermore, theoretical 

considerations revealed that the global minimization of the beneath Corrected 

objective function: 

 

                               

max

)2~ln()(
kT

TC
k

k
kICC


                                   (5.6.2) 
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where  



T

kt
tkkTk

1

2~    

max

12~   denotes the estimated variance computed 

from the fitted truncated autoregression of the form (5.6.1) and  0
T

C   and  

0
T

T
C

  as  T , provided that kmax satisfies the condition (A1), that hold 

the effective sample size fixed across models to be compared is more 

appropriate than the objective function of the form (5.5.1) in the sense that 

when it is used for selecting the order of a truncated autoregression when the 

latter is fitted to approximate a stationary process gives more precise 

estimates for the coefficients involved in the same fitted truncated 

autoregression
2
. 

       Related issues concerning firstly the choice of the order of the 

Augmented Dickey-Fuller autoregression derived for an autoregressive 

integrated moving average, ARIMA(p,1,q), process through the Corrected 

Information Criteria and secondly the unit root hypothesis testing issue 

through the unit root τDF - test statistic, follow the theory presented in section 

5.5.  

       Simulation experiments concerning the limiting behavior of the unit root  

τDF - test statistic under this truncation lag selection will be presented and 

analyzed fully in the next Chapter.  

 

 

 

 

 

 

 

 

 

 

 

2
 Interested readers should refer to Ng and Perron (2000) for an extensive study on this  

   particular formulation of the Corrected Information Criteria stated.  
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5.7 MODIFIED INFORMATION CRITERIA (MICC)  

         METHODS  

 

       The AIC and BIC or AICC and BICC considered in the previous sections 

belong to the class of Information based rules where the chosen value of k to 

be included in the Augmented Dickey-Fuller autoregression of the form 

(5.1.1) is either: 
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1

2ˆ1)(2ˆ       or    
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T

kt
tk

kT
k

1

2ˆ1)max(2ˆ                                          

and 0
T

TC
 as T , and CT>0.  

 

The various criteria differ in CT, the weight applied to overfitting, but all use 

k as the penalty to overfitting. 

       Ng and Perron (2001) argued that, with integrated data, this penalty may 

be a poor approximation to the cost of underfitting. So, on the basis of the 

Corrected Information Criteria, they suggested a class of Modified 

Information Criteria, denoted hereafter by MICC, that takes better account of 

the cost of overfitting. Following their lines, when the Modified Information 

Criteria are used as selection method for the choice of the lag number k to be 

included in the Augmented Dickey-Fuller autoregression of the form (5.1.1) 

lead to substantial size and power improvements for the unit root τDF – test 

statistic.  

       We illustrate these considerations starting by the first argument that, with 

integrated data, the penalty k may be a poor approximation to the cost of 
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underfitting and for this reason an alternative penalty for integrated data must 

be considered. This issue will be illustrated by the derivation of AICC when 

dealing with integrated data. 

 

Derivation of AIC with an alternative penalty for integrated data  

 

       Suppose that the data generated by a finite order AR(k0) with normal 

errors and a unit root meaning for example that the data generating process is 

of the form (5.1.1) with k = k0, ζ0 = 0  and  εtk ~ i.i.d.N(0,1). 

For notation we let  /,......,1,0)(0
kk   ,  /,

ˆ,.......,,1
ˆ,,0

ˆ)(ˆ TkTTk   , 

 /,........,1)(0
0 kk  


 and  /,

ˆ,.......,,1
ˆ)(0

ˆ
TkTk   . 

The goal is to select the lag length k between 0 and some upper bound k max 

that satisfies the condition (A1). In these considerations for the lag length k 

condition (A1) for the upper bound kmax is rather strong in the sense that 

0max 
T

k
 and 

max
k  as T  also works well. 

       Let  




 )(0/ kyf   be the likelihood function of the data  



















T
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  conditional on the initial observations  















max

,.....,
0 k

yy  to ensure that each competing model is evaluated with the 

same number of effective observations, namely T – kmax. 

The Kullback – Leibler distance between the true probability distribution and 

the estimated one is: 

 

                            )))](ˆ/(ln()))(0/([ln( kdyfkdyfEQ   

 

with sample analogue: 
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as discussed in Gourieroux-Monfort (1995). Akaike’s suggestion was to find a 

Q
*
 such that 0)]*([lim 
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 so that Q
*
 is unbiased for Q to order T
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Using Taylor expansions, we have that:  
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and the remainder term is uniformly integrable.  

Let us now study )(k
T

  in the context of integrated data. 

Given the asymptotic block diagonality of the matrix TD
T
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                                                                                                            (5.7.1) 

 

where 2
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   is a chi-squared distributed random variable with k degrees of 

freedom and is asymptotically independent of the first term.  
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                                                                                                            (5.7.2) 

 

Under normality, the second term is proportional to     




 2ˆln2/

max k
kT  . 

Since the first term is common to all models and does not depend on k, 

minimizing Q
*
 with respect to k is equivalent to minimizing:  
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The important step is the relation given by (5.7.1) in the sense that the 

remainder term is op(1) uniformly in k provided that conditions (A1) and (A4) 

hold. As a natural generalization of the MAICC is the Modified Information 

Criteria (MICC) which select k as: 
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with  CT > 0  and   0
T

T
C

  as   T  . 

 

The MAICC is taken from (5.7.4) by setting CT = 2 and the MBICC by setting 

CT = ln(T- kmax). 

       Let us now make some comments on the above derivation of the 

Modified Information Criteria (MICC) to see its differences from the 

Corrected Information Criteria that we presented in the previous section.  A 

first notable element is the imposition of the null hypothesis 00   in the 

derivation of the penalty term. Ng and Perron (2001) mentioned that the idea 

of imposing the null hypothesis in model selection when the purpose is testing 
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hypotheses appears new and may have implications beyond the unit root 

theory. A second element is that the penalty function is now stochastic.  

As  T  it holds that: 
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where W(r) denotes the standard Brownian Motion process.  Strictly speaking, 

we could use the mean of τ(W), which is independent of k, instead of τT(k), to 

construct Q
*
 and the objective function would then reduce to standard AICC. 

The central theme for retaining τT(k)  is that, unless T and k are very large, it 

varies substantially with k. Furthermore, the imposition of the null hypothesis 

00   in model selection allows us to avoid using asymptotic expected 

values to approximate the penalty factor. So, we hope that τT(k) will better 

capture the relevant cost of selecting different orders in finite samples.  

 

 

5.8 REMARKS ON THE LAG LENGTH SELECTION  

         METHODS  

 

 

       The results of this Chapter can be summarized as follows. An 

Information Criterion will choose values of the lag number to be included in 

the Augmented Dickey-Fuller autoregression that are proportional to lnT, a 

rate ruled out by the condition (A2). But the lag number selected using the 

J(m, r) statistic to test for the significance of lagged terms will increase at the 

same rate as the prespecified kmax, itself increasing at a polynomial rate. 

Because a logarithmic rate of increase is slow compared to a polynomial rate, 

an Information Criterion will choose values of the lag number that are 

generally much smaller than those chosen by a general-to-specific t – test, for 
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example. Although the log proportionality rule might fail the lower-bound 

condition (A2), the limiting distribution of the unit root τDF – test statistic is 

unaffected. In such a case the estimates of the coefficients on the stationary 

regressors Δyt-i in the Augmented Dickey-Fuller autoregression will be 

consistent at a rate slower than T  for some data generating processes.  
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CHAPTER 6 

 

FINITE SAMPLE BEHAVIOR OF THE 

LAG LENGTH SELECTION METHODS:  

A MONTE CARLO INVESTIGATION 

 

 

6.1   INTRODUCTION 

 

       The Dickey-Fuller (DF) and the Augmented Dickey-Fuller (ADF) unit 

root tests have been developed for testing the null hypothesis of a unit root 

against the alternative of stationarity. While the presence or absence of a unit 

root has important implications, many remain skeptical about the conclusions 

drawn from such tests. This concern is justifiable, as these specific tests 

generally suffer from two problems. First, in the case where the errors are 

serially correlated of the autoregressive type with an autoregressive 

polynomial root close to but less than unity, these tests have low power. 

Secondly, in the case where the errors follow a moving average process with a 

moving average polynomial root close to but less than unity, these tests suffer 

from severe size distortions. The consequence are over-rejections of the unit 

root hypothesis. In practice, while few economic time series are found to have 

serial correlation of the autoregressive type with an autoregressive 

polynomial root that is close to unity, many do exhibit a large moving average 

polynomial root. It is therefore desirable to have powerful unit root tests that 

are robust to size and power distortions. 

       The implementation of the Augmented Dickey-Fuller unit root tests 

necessitates the selection of an autoregressive truncation lag, say, k. This is 

required in the Augmented Dickey-Fuller autoregression used to form the 

Augmented Dickey-Fuller unit root τDF – test statistic. 
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       As we will notice in this Chapter, Monte Carlo simulation experiments 

repeatedly show a strong association between k, the number of the lag that 

have to be included in the Augmented Dickey-Fuller autoregression, and the 

severity of size distortions and/or the extent of power loss. The problem is 

that while a small k is adequate for finite order autoregressive error processes 

and autoregressive moving average error processes with small moving 

average polynomial roots, a large k is generally necessary for error processes 

with a moving average polynomial root that is close to unity. For the latter 

class of error processes, lag length selection methods that presented in the 

previous Chapter 5 are going to be used for examining extensively the size 

and power properties of the τDF – test statistic when testing the hypothesis of 

the unit root in finite samples.  

       More specifically, we assume the following data generating processes:  

 

                                           tutyty  1  

 

                                                 where 

                                                      

                            ut~AR(p), MA(q) and ARMA(p,q) 

 

in order to test the null hypothesis of the unit root, that is 1 , for various 

values of the parameters p and q and examine the effects of the autoregressive 

and moving average polynomial roots in combination with the lag length 

selection methods that presented in Chapter 5 on the size and power 

properties of the unit root τDF – test statistic.  

       The first half of this Chapter is mainly focused on presententing Monte 

Carlo simulation experiments from the Literature. Their majority is 

concentrated on the cases in which the errors follow a moving average and 

autoregressive process of order 1, because these cases occur frequently in 

time series considered in practice.  

       In the second half of this Chapter we construct and present an own 

Monte Carlo simulation study that is based on error processes which go 

beyond the standard AR(1) and MA(1) usually considered in the Li terature. 
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The latter class of error processes are also analysed from their spectral 

features perspective in order for us to derive useful statistical information 

about the importance of knowing the distance of the autoregressive and/or 

moving average polynomial root/roots of an error process from the bounds of 

the unit circle in the context of testing unit root hypotheses in finite samples.  

 

 

6.2 THE SIMPLEST METHOD: NG AND PERRON (1995)  

      

       In section 5.2 we saw that the simplest way to choose the lag length order 

of the Augmented Dickey-Fuller autoregression before applying the τDF – test 

statistic in order to test the null hypothesis of the unit root  is that of being 

independent of the number of observations T, meaning, for example, that we 

can allow it to take any value we like.  

       Ng and Perron (1995) considered the following data generating 

processes: 

 

               tutyty  1                             tutyty  1          

                    where                                              where  

                 )1(~ MAtu                        )4(),3(),2(),1(~ ARARARAR
t

u  

           (MA parameter: θ)                (AR parameters: φi , i=1,2,3,4)  

                (MA case)                                        (AR case)  

 

for numerous parameterizations of the error parameters θ and φi in order to 

test the hypothesis of the unit root, that is ρ=1, through the unit root τDF – test 

statistic. Fixing the order of the Augmented Dickey-Fuller autoregression to 

belong in the range [1, 10], they constructed Monte Carlo simulation 

experiments to investigate the performance of the unit root  τDF – test statistic 

in the context of its size and the power in finite samples. 

       The results they reported are based on 5,000 simulations for different 

values of the error parameters θ and φi (i=1, 2, 3, 4). For each 

parameterization, the selected values of the lag number k and the 
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corresponding values of the unit root τDF – test statistic are recorded. For a 

given sample size T, different values for kmax were examined for condition 

(A1) to be satisfied.  

       Tables (B.3) and (B.4) in Appendix B report their results for the moving 

average and autoregressive case using the experimental sample size of T=100 

observations with kmax = 10. 

       For the moving average case, looking at the Table (B.3) we notice that 

when the moving average error parameter θ is equal to – 0.8, fixing k to be 4 

yields an exact size of 28.3% instead of 5% with power 59% (instead of 

100%). Furthermore, size distortions are much smaller as k becomes larger. 

This is not true for the power which gets worse as k grows. Size distortions 

are much smaller when the moving average error parameter  θ is positive, but 

the unit root τDF – test statistic seems to be oversized when k is odd and 

undersized when k is even. 

       For the autoregressive case, looking at the Table (B.4) we notice that the 

exact size of the unit root τDF – test statistic for all choices of the lag number 

k is approximately close to the nominal size of 5% provided that k is at least 

equal to the true order. We also notice that an overparameterized model is 

associated with lower power, meaning that if the lag number k is fu rther 

increased, the size of the unit root τDF – test statistic is approximately in the 

right level but power can drop dramatically.  

       Thus, we conclude that while a large chosen lag number k reduces the 

size distortions in both moving average and autoregressive case, it 

generally yields lower power. 

       Ng and Perron (1995) also constructed analogous Monte Carlo simulation 

experiments for the sample size choices of T=200 and T=500 observations 

(not presented in this thesis). The result, as they mentioned in their study, was 

that the power of the unit root τDF – test statistic increased for every value of 

k in both moving average and autoregressive case.  

       As far as the size of the unit root τDF – test is concerned, the results for 

the autoregressive case were qualitatively the same as when T=100. For  the 

positive moving average error parameters, there was a zig-zag pattern of size 

distortions between odd and even choices of the lag number k and this existed 
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even when T=500. For the negative moving average error parameters, size 

distortions increased with T for any given value of the lag number k.  

       The latter statement has to be emphasized.  For example, they 

mentioned that when θ= - 0.8 and k=3 the exact size of the unit root τDF – test 

statistic increased from 43.4% to 59.8% as T increased from 100 to 500.  

 

 

6.3  THE DETERMINISTIC METHOD: SCHWERT (1989) 

 

       Schwert (1989) first presented Monte Carlo evidence to point out the size 

distortion problems of the commonly Dickey-Fuller and the Augmented 

Dickey-Fuller unit root tests. He argued that the distribution of the Dickey-

Fuller and the Augmented Dickey-Fuller unit root tests is far different from 

the distribution reported by Dickey-Fuller in finite samples if the underlying 

data generating process contains moving average error components.  

       To prove the above statements he considered the data generating process 

below: 

 

                                          tutyty  1                                      

                                                 where                                             

                                              )1(~ MAtu                             

                                       (MA parameter: θ) 

                                             (MA case)   

      

and tested the null hypothesis of the unit root, that is ρ=1, using the 

experimental sample size choices of T=25, 50, 100, 250, 500 and 1000 

observations. Each experiment was simulated 10,000 times in order for the 

sampling distribution of the unit root τDF – test statistic to be created. The 

moving average error parameter θ was set equal to -0.8, -0.5, 0, 0.5 and 0.8, 

respectively.  
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Defining: 
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where ‘int’ denotes the integer before the first decimal point, and for given  

arbitrary constants c and d we can notice that the above choice of  the lag 

number k to be included in the Augmented Dickey-Fuller autoregression is a 

deterministic function of the number of observations T. Values of c=4 and 12 

and d=4 were used for the lag number k to be calculated for the different 

sample size choices.  

       Schwert’s results
3
 (not reported in this thesis) showed that the size of 

the unit root τDF – test statistic had significant distortions from the 

specified nominal sizes of 1% and 5% and that it got significantly better 

with c=12 the closer the moving average error parameter θ was to -1. He 

also noted that the exact size of the unit root τDF – test statistic depends 

on the choice of the lag number k. 

       As we have already mentioned in section 5.3, the practical problem that 

appears when using this specific deterministic method for selecting the lag 

order of the Augmented Dickey-Fuller autoregression before the application 

of the unit root τDF – test statistic is that one is faced with a given sample size 

in practice and this fact leads to the right calculation of c and d in the 

deterministic function of the lag number k unless c and d happen to be chosen 

correctly. So, deterministic methods like this proposed by Schwert (1989) as 

well as the simplest one mentioned by Ng and Perron (1995) for choosing the 

lag order of the Augmented Dickey-Fuller autoregression are not good 

practical guidelines for statistical inference in finite samples.  

       However, studying the results of these two lag length selection methods, 

a significant problem when testing the unit root hypothesis through the τDF – 

test – statistic seems to appear when the actual data generating process is a 

unit root process with errors that follow a MA(1) process with a moving 

average error parameter θ that is close to -1, meaning that the moving average 
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polynomial of the MA(1) error process has a root close to unity. That is the 

over-rejections of the unit root hypothesis.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 Interested readers should refer to Schwert (1989) for an extensive study on his Monte 

Carlo simulation experiment Tables.  
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6.4  THE GENERAL-TO-SPECIFIC AND THE    

         INFORMATION CRITERIA (IC) METHODS:  

         NG AND  PERRON (1995)  

  

       Since we have presented the theory of the general-to-specific modeling 

strategy along with the Information Criteria for selecting the appropriate lag 

number k to be included in the Augmented Dickey-Fuller autoregression 

before testing the null hypothesis of the unit root through the τDF - test 

statistic we continue with the implications of these theoretical results to the 

τDF - test statistic in finite samples as we done in the case of the simplest and 

deterministic selection methods.  

       Ng and Perron (1995) constructed Monte Carlo simulation experiments to 

investigate the performance of the unit root τDF - test statistic in the context 

of its size and the power by allowing the lag number k in the Augmented 

Dickey-Fuller autoregression to take the value that is based on two 

Information Criteria, the AIC and BIC, and on the standard t -tests that are 

based on the significance on the last lag at the nominal levels of 5% and 10%, 

denoted by tsig(5) and tsig(10), respectively, according to the general-to-

specific modeling strategy. 

       They considered the following data generating processes:  

 

               tutyty  1                                 tutyty  1          

                    where                                                 where 

                 )1(~ MAtu                           )4(),3(),2(),1(~ ARARARAR
t

u  

           (MA parameter: θ)                   (AR parameters: φi , i=1,2,3,4)  

                (MA case)                                           (AR case) 

 

for numerous parameterizations of the error parameters θ and φi in order to 

test the hypothesis of the unit root, that is ρ=1, through the unit root τDF – test 

statistic. The results they reported are based on 5,000 simulations for different 

values of the error parameters θ and φi (i=1, 2, 3, 4). For each 

parameterization, the selected values of the lag number k and the 
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corresponding values of the unit root τDF – test statistic are recorded. For a 

given sample size T, different values for kmax were examined for condition 

(A1) to be satisfied. The experimental sample sizes were that of T = 100, 200 

and 500 observations. The focus was for T = 100 with k max =10.   

       Tables (B.5) and (B.6) give the frequency counts of the selected lag 

number k according to the lag length selection methods just mentioned in the 

moving average and autoregressive case for T = 100 observations, 

respectively. A quick look at these two Tables leads us to the conclusion that 

Information Criteria such that of AIC and BIC choose values of k that are 

consistently less than 3 for both moving average and autoregressive case. 

Furthermore, in the moving average case (Table (B.5)), the values of the lag 

number k selected by the general-to-specific modeling strategy t - tests are in 

the range [2, kmax =10] with some mass concentrated at k = 1.  

       On the other hand, for the autoregressive case (Table (B.6)), the lag 

number k selected according to the same lag length selection methods seems 

pretty well given that the data generating processes considered are of order no 

higher than 4. Information Criteria selection methods yield very parsimonious 

models when the data generating process is a unit root process  with MA(1) 

errors no matter what is the value of the moving average error parameter θ, or 

equivalently, no matter what is the distance of the moving average polynomial 

root of the error process from unity. The cost of parsimony will be judged in 

terms of the size and the power of the unit root τDF - test statistic. 

       The results of Tables (B.7) and (B.8) are concerned with the size and the 

power of the unit root τDF - test statistic in the moving average and 

autoregressive case for T = 100 observations, respectively.  

       Turning first to the moving average case (Table (B.7)), we can notice that 

for the positive values of the moving average error parameter θ, the size of 

the unit root τDF - test statistic is similar to all methods of selecting the lag 

number k and can be said that is fairly close to the nominal size of 5%.  

       From the frequency counts point of view (Table (B.5)), when θ = - 0.8 

the standard 10% t-test picks k to be 5 or smaller approximately 43% of the 

time, whereas the AIC picks k to be in the same range twice as often. 

Although such variations in the choice of the lag number k appear to yield 
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small size differences, power is slightly higher the more parsimonious the 

model.  

       A result that must be emphasized is that of large size distortions 

when the moving average parameter θ of the error process is negative and 

close to the value of –1, or equivalently, when the moving average 

polynomial root of the error process is close to unity. We noticed the same 

phenomenon when we referred to the simplest and deterministic method 

of selecting the lag number k to be included in the Augmented Dickey-

Fuller autoregression. 

       Now, for the autoregressive case (Table (B.8)), all methods of selecting 

the lag number k produce an exact size which is close to the nominal size of 

5%. The standard 10% t-test (tsig(10)) tends to have lower power, however.  

       Looking again at the frequency counts (Table (B.6)), the standard 10% t-

test selects the lag number k to be greater than 4 more than 40% of the time 

when the actual data generating process is a unit root process with AR(4) 

errors indicating overparameterization. Thus, underparameterization is 

associated with larger size distortions and overparameterization with power 

loss in the case of T = 100 observations.  

       The size of the unit root τDF - test statistic for the moving average case 

with T = 200 observations is reported in Table (B.9). We notice that the size 

distortions persist as T increases. But in cases for which size distortions is not 

a issue, as in the autoregressive case, the discrepancies in power across 

selection procedures vanish almost completely when the sample size grows.  

       Table (B.10) shows the size and the power of the unit root τDF - test 

statistic for the autoregressive case at T = 200 observations. Compared to the 

results obtained with T = 100 observations, power is higher throughout, and 

the differences in power across selection methods are smaller. 

       So, standard t-tests have generally an advantage over Information 

Criteria in the sense that they produce more accurate size without much 

loss of power to the τDF - test statistic not forgetting that tend to 

oveparameterize unit root processes with underlying autoregressive error 

processes in some cases. 
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       To summarize, an overly parsimonious estimated autoregression may 

have large size distortions and an overparameterized one may have too low 

power. The size problem is more severe than the power loss in the sense that 

differences in power across the selection methods diminish as sample size 

increases but the size distortions persist even for large sample sizes for some 

methods of selecting the lag number k. At this point of view, standard t – tests 

for the significance on the last lag, and especially the tsig(10), will have an 

advantage over the Information Criteria based rules such that of AIC or BIC  

because the former produce more robust properties across unit root processes 

of different underlying error processes. 

 

 

6.5  THE COMPARATIVE PERFORMANCE OF THE    

         MODIFIED INFORMATION CRITERIA METHODS:   

         OUR OWN MONTE CARLO INVESTIGATION 

 

       In the previous sections we presented Monte Carlo simulation 

experiments in order to examine the size and power performance of the τDF - 

test statistic when testing the unit root hypothesis in finite samples using the 

various methods mentioned there for selecting the lag number k  to be 

included in the Augmented Dickey-Fuller autoregression. We similarly 

proceed here and present Monte Carlo simulation experiments for examining 

the size and power performance of the τDF - test statistic when testing the unit 

root null in finite samples using now the Corrected (AICC, BICC) and the 

Modified (MAICC, MBICC) Information Criteria as lag length selection 

methods. We also make comparisons among all the lag length selection 

methods. Ng and Perron (2001) have investigated the performance of 

Modified Information Criteria (MICC) in the context of Generalized Least 

Squares (GLS) estimation for the parameters of the Augmented Dickey-Fuller 

autoregression. In this section we corfirm their findings in the context of 

Ordinary Least Squares (OLS) estimation for the parameters of the 

Augmented Dickey-Fuller autoregression. 
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       Simulation studies reported up to now have come up with the 

conclusion that the standard t –test based on the significance on the last 

lag at the nominal size of 10% (tsig(10)) works better than the standard 

Information Criteria (AIC, BIC) in the sense that when it chooses the lag 

number k to be included in the Augmented Dickey-Fuller autoregression 

it produces smaller size distortions to the τDF - test statistic with no great 

loss of power when testing the unit root hypothesis in finite samples.  

       For the above testing purposes and comparisons we constructed Monte 

Carlo simulation experiments using the experimental sample sizes of T = 100, 

250 and 500 observations like those of Ng and Perron (1995, 2001). For each 

sample size, different values of kmax are used for condition (A1) to be 

satisfied. The selection of kmax is actually based again on the form: 
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which proposed and used by Ng and Perron (1995, 2001).  

       The results we report are based on 5,000 simulations. The data generating 

processes that are considered in this section are of the same form mentioned 

in section 6.2 for comparison purposes: 

 

 

               tutyty  1                             tutyty  1          

                    where                                              where  

                 )1(~ MAtu                        )4(),3(),2(),1(~ ARARARAR
t

u  

           (MA parameter: θ)                (AR parameters: φi , i=1,2,3,4)  

                 (MA case)                                        (AR case)  

 

For each parameterization of the error parameters θ and φi (i=1, 2, 3, 4), the 

selected values of the lag number k and the corresponding values of the unit 

root τDF – test statistic are recorded. 
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       We first examine the number of times that k = i (i = 1, 2, …, 10) is being 

selected by the Corrected and Modified Information Criteria in 5,000 

simulations using the sample size of T = 100 observations. We confirm that 

when the error process contains a strong moving average polynomial root 

close to unity Corrected Criteria tend to select higher k than the non – 

Corrected. Modified Criteria select even higher values.  

       Tables (B.11) and (B.12) represent frequency counts for the selected lag 

number k. A first sign from looking at both Tables is that the Corrected 

(AICC and BICC) and the Modified (MAICC and MBICC) Information 

Criteria select values of k that are less than 4 in both moving average and 

autoregressive case. If we now make a first comparison among all the lag 

length selection methods in the context of the frequency counts in the moving 

average case we notice that the Corrected and the Modified Information 

Criteria tend to select values for k that are generally larger. For example, 

when θ = - 0.8 we saw that the AIC picks k to be 4 or greater almost rarely in 

contrast now to the AICC that picks k to be 4 or greater approximately 62% 

and the MAICC approximately 86% of the time, percentages that are by far 

greater than the percentages we took even from the standard t – test for the 

significance on the last lag at the nominal size of 10%. The same conclusions 

hold if we compare the BIC with the BICC and MBICC but with the 

difference not being so dramatic. Analogous remarks are also derived when 

considering the other values of the moving average error parameter θ, leading 

us to the conclusion that the AICC and even more the MAICC is more flexible 

than the standard Information Criteria and the standard t - tests according to 

the general-to-specific modeling strategy. 

       Furthermore, the k’s selected from the Corrected and Modified 

Information Criteria are concentrated at small numbers if someone thinks that 

the true order of such an estimated autoregression that tries to approximate a 

unit root process that contains moving average error terms is infinite. We will 

judge this parsimony in terms of the size and power of the unit root τDF – test 

statistic soon enough in this section. 

       Let us now make the comparison in the context of the frequency counts 

in the autoregressive case. The k’s selected from all the lag length selection 



 

 139 

methods considered up to now  seem appropriate given that the data 

generating processes are of order no higher than 4, not forgetting that the 

tsig(10)-test tends to overparameterize unit root processes that have 

autoregressive error terms in some cases. 

       We continue our Monte Carco simulation analysis by investigating the 

size implications of the unit root τDF – test statistic using the Corrected and 

Modified Information Criteria as selection methods for the choice of the lag 

number k to be included in the Augmented Dickey-Fuller autoregression. 

       Turning first to the moving average case (Tables (B.13) through (B.15)), 

we notice that for the positive values of the moving average error parameter θ 

and for all the experimental sample sizes the size of the unit root τDF – test 

statistic is almost in the same level and fairly close to the nominal size of 5%. 

This is a conclusion that holds for all the lag length selection methods we 

have seen up to now. The large size distortions of the unit root τDF – test 

statistic when the moving average error parameter θ is large and negative in 

the context of using the standard Information Criteria (AIC, BIC) and the 

standard t – tests (tsig(5), tsig(10)) for significance on the last lag as lag length 

selection methods are well documented in the previous Monte Carlo 

simulation analysis.  

The use of the Corrected and Modified Information Criteria for the 

selection of the lag number k to be included in the Augmented Dickey-

Fuller autoregression improve by far the situation. For example, when θ = 

- 0.8 and T = 100 the size of the unit root τDF – test statistic under the use of 

AICC is 22.9% instead of 5%, and under the use of  MAICC is 8.3% instead 

of 5%, indicating enormous improvements. Analogous conclusions derived 

when looking at the BICC and MBICC in the same Tables. Such 

improvements on the size of the unit root τDF – test statistic are also noticed 

at the experimental sample sizes of T = 250 and 500 observations, 

respectively. 

       A result that has to be emphasized at this point is that in the moving 

average case and when the moving average parameter θ of the error 

process is negative and close to the value of –1, meaning that the moving 

average polynomial of the error process has a root close to unity, the 
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MAICC has the best performance in the context of size of the unit root 

τDF – test statistic. 

       For the autoregressive case, Tables (B.16) through (B.18) indicate that 

the Corrected and Modified Information Criteria produce an exact size close 

to the desired nominal size, a fact that is also true for the standard ones as 

well as for the standard t –tests for the significance on the last lag.  

       In addition, in the autoregressive case, for the first two unit root 

processes where the errors follow an AR(1) process with different specified 

autoregressive error parameters we know that there exists an autoregressive 

polynomial root for each case that is not so close to unity. This notice made 

us to investigate the size and power performance of the unit root τDF – test 

statistic when a unit root process has autoregressive errors that indicate a root 

that is close to the bounds of the unit circle. So, additional Monte Carlo 

simulation experiments were constructed for studying in depth the 

performance of the unit root τDF – test statistic in the case were the errors 

follow an AR(1) process focusing mostly to the autoregressive error 

parameters φ = 0.8 and –0.8 which indicate an autoregressive polynomial root 

closer to the bounds of the unit circle compared to the root that derived under 

the autoregressive error parameters φ= 0.6 and –0.6. Tables (B.19) through 

(B.21) indicate that for all the values of the autoregressive error parameter φ, 

including the parameters φ = 0.8 and –0.8, and for all the experimental sample 

sizes the size of the unit root τDF – test statistic is close to the nominal size of 

5%, meaning that the size of the τDF – test statistic is not affected or distorted 

whatever is the distance of the autoregressive polynomial root of the error 

process from the bounds of the unit circle. 

       The power performance of the unit root τDF – test statistic using the 

Corrected and Modified Information Criteria as lag length selection methods 

is going now to be examined. 

       Turning first to moving average case (Tables (B.22) and (B.23)), we 

notice that for positive values of the moving average error parameter θ where 

the size is around 5% the power is slightly higher the more parsimonious the 

model. It is well known that the BIC or the BICC criterion imposes a heavy 

penalty for overparameretization. Thus, for moving average error processes 
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with a positive moving average parameter θ, the BIC and BICC tend to yield 

higher power for a given sample size. For the negative values of the moving 

average error parameter θ there is no need to focus on the power of the unit 

root τDF – test statistic since the size of the test can not be considered in a 

constant level for the power to be evaluated but we have calculated it.  

       In the autoregressive case (Tables (B.16), (B.17), (B.19) and (B.20)), the 

power of the unit root τDF – test statistic is in the same range for all the lag 

length selection methods with the AIC being slightly higher and any 

differences across them vanish almost completely when T increases. 

       A general feature of our results is that the Modified Information 

Criteria (MICC) and especially the Modified Akaike Information 

Criterion (MAICC) takes the advantage of the standard t –test on the 

significance on the last lag at the nominal size of 10% (t sig(10)) according 

to the general – to – specific modeling strategy since the presented Monte 

Carlo simulation analysis showed that they produce more accurate size 

and power properties for the unit root τDF - test statistic especially when 

the data generating processes are unit root processes with moving average 

error terms. 

 

 

6.6  SOME INTERESTING CASES IN THE CONTEXT OF   

        TESTING UNIT ROOT HYPOTHESES: OUR OWN   

        MONTE CARLO INVESTIGATION 

 

       It is well known that the true spectrum of a moving average process of 

order 1 indicates a ‘hole’ at the frequency zero that is ‘stronger’ the closer the 

moving average polynomial root is to unity. It is also well known that the true 

spectrum of an autoregressive process of order 1 indicates a ‘peak’ at  the 

frequency zero that is ‘stronger’ the closer the autoregressive polynomial root 

is to unity. 
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       From the Monte Carlo simulation analysis reported up to now we noticed 

the inability of the τDF – test statistic to keep the nominal size when the actual 

data generating process is of the form: 
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and more specifically when the error process has a moving average 

polynomial root that is close to unity. Having in mind the fundamental 

characteristic (“hole”) of the true spectrum of a moving average process that 

has a moving average polynomial root close to unity, this inability seems to 

be a result of the occurrence of the ‘hole’ at the frequency zero and increases 

the ‘stronger’ the ‘hole’ is at the frequency zero. 

       From the same Monte Carlo simulation analysis we also noticed the 

ability of the τDF – test statistic to keep the nominal size when an actual data 

generating process is of the form: 
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       Having in mind the fundamental characteristic (“peak”) of the true 

spectrum of an autoregressive process that has an autoregress ive polynomial 

root close to unity, it seems that the occurrence of a “mild” or “strong” 

“peak” at the frequency zero in the true spectrum of the autoregressive error 
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process of order 1 does not affect the size performance of the unit root τDF – 

test statistic. A question that arises at this point is the following: 

 

What can we tell about the size performance of the unit root τDF – test 

statistic in the case where the actual data generating process is a unit root 

process with moving average or autoregressive errors that are modeled by 

more complicated than a MA(1) or AR(1)  processes? 

 

                                                 or similarly 

 

What can we tell about the size performance of the unit root τDF – test 

statistic in the case where the root/roots of the moving average and/or 

autoregressive polynomial of the error process are close to unity, indicating 

‘holes’ and ‘peaks’ in the true spectrum of the error process, at different from 

zero frequencies as well as at various combinations of them including the 

frequency zero? 

       Figures (A.12) through (A.34) illustrate some of these interesting cases 

which are taken into consideration in Tables (B.24) through (B.26). 

       To answer the above questions that are of great interest, analogous to the 

previous Monte Carlo simulation experiments were constructed focusing only 

to the experimental sample size of T = 100 observations. 

 

When the error process contains moving average polynomial roots at 

frequencies far from zero then the size of the unit root τDF – test statistic 

is acceptable with any of the lag length selection criteria  

 

       Turning first to the case where the data generating process is a unit root 

process that has errors that follow moving average processes more 

complicated than the MA(1) process and with characteristics like those 

indicated in Figures (A.12) through (A.19) we notice from Table (B.24) that 

the size of the unit root  τDF – test statistic is fairly close to the nominal size 

of 5% when the root/roots of the moving average polynomial of the error 
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process is/are close to the unit circle but at a frequency or frequencies away 

from zero.  

 

When the error process contains a strong moving average polynomial root 

at frequency zero the size of the unit root τDF – test statistic has the best 

performance under the use of MAICC 

 

       The problem starts to appear again when the moving average polynomial  

of the error process has at least one root close to unity and at the frequency 

zero no matter at what frequencies are its other roots and how close or not are 

to the bounds of the unit circle.  

       For example, when we consider as a data generating process a unit root 

process with errors that follow a moving average process of order 3 with 

specified parameters θ1 = - 0.99, θ2 =  0.98, θ3 = - 0.97 (case 4 in Table 

(B.24)) in order its polynomial to have two roots equal to the value of 0.99 at 

the frequencies zero and 0.5π, respectively, (see Figure (A.15)) we notice that 

the size of the unit root τDF – test statistic using the standard and the 

Corrected Information Criteria as well as the standard t – tests for the 

significance on the last lag according to the general-to-specific modeling 

strategy for the choice of the lag number k to be included in the Augmented 

Dickey-Fuller autoregression is 39% (using the AIC), 45.1% (using the BIC), 

27% (using the tsig(10)), 29% (using the tsig(5)), 33.8% (using the AICC) and 

48.4% (using the BICC) instead of 5% indicating enormous size distortions. 

       On the other hand, the size of the unit root τDF – test statistic using the 

Modified Information Criteria for the choice of the lag number  to be included 

in the Augmented Dickey-Fuller autoregression is 19.85% (using the MAICC) 

and 23.5% (using the MBICC) which are by far better than the results 

obtained using the Corrected Information Criteria noting also here significant 

size distortions. 

 

When the error process is purely autoregressive the size performance of 

the unit root τDF – test statistic is not influenced with any of the lag length 
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selection criteria no matter how close the autoregressive polynomial roots 

are to unit circle and at what frequencies 

 

       Turning now to the case where the data generating process is a unit  root 

process with errors that follow autoregressive processes more complicated 

than the AR(1) process and with characteristics like those indicated in Figures 

(A.20) through (A.26) we notice from Table (B.25) that the size of the unit 

root  τDF – test statistic is close to the nominal size of 5% for all the lag 

length selection methods when the root/roots of the autoregressive polynomial  

of the error process is/are close to unity at  frequency zero, at frequencies far 

from zero or at any combination of them whatever is the selection method for 

choosing the lag number k to be included in the Augmented Dickey-Fuller 

autoregression. 

 

Under autoregressive moving average error processes, when a strong 

moving average polynomial root at frequency zero is combined with a 

strong autoregressive polynomial root elsewhere, the size distortions of 

the unit root τDF – test statistic for all the lag length selection criteria are 

reduced the stronger the autoregressive polynomial root  

 

       We also checked the size performance of the unit root τDF – test statistic 

when the actual data generating process is a unit root process with  errors that 

follow ARMA(p, q) processes and with characteristics like those indicated in  

Figures (A.27) through (A.34). 

       More specifically, we investigated the case where the autoregressive 

polynomial of the error process has root/roots close to the bounds of the unit 

circle at various frequencies including the frequency zero indicating ‘peaks’ 

in the true spectrum of the autoregressive moving average error process and 

the case where the moving average polynomial of the same error process has 

root/roots close to the bounds of the unit circle at various frequency choices 

including the frequency zero, indicating ‘holes’ in the same true spectrum of 

the autoregressive moving average error process. 
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       The first case that is considered in Table (B.26) examines the size 

performance of the τDF – test statistic when is applied to test the unit root 

hypothesis in the Augmented Dickey-Fuller autoregression that is trying to 

approximate a unit root process (of T=100 observations) with errors that 

follow an ARMA(2, 1) process of specified autoregressive and moving 

average parameters φ1= - 0.31, φ2= - 0.25 and θ= - 0.99 in order to have the 

following characteristics: (a) the autoregressive polynomial root is equal to 

the value of 0.5 at frequency 0.6π indicating a mild “peak” at this frequency 

in the true spectrum of the error process and (b) the moving average 

polynomial root is equal to the value of 0.99 at frequency zero indicating a 

strong “hole” at this frequency in the true spectrum of the same error process 

(see Figure (A.27)). We notice that the size of the unit root τDF – test statistic 

using the standard t – tests (tsig(5), tsig(10)) for the significance on the last lag 

for the choice of the lag number k to be included in the Augmented Dickey-

Fuller autoregression is 23.94% (using the tsig(5)) and 21.4% (using the 

tsig(10)) instead of 5% indicating enormous size distortions.  The same 

conclusions hold for the size of the unit root τDF – test statistic when using 

the standard as well as the Corrected Information Criteria (AIC, BIC, AICC, 

BICC) for the choice of the lag number k to be included in the Augmented 

Dickey-Fuller autoregression. Furthermore, the size of the unit root τDF – test 

statistic when using the Modified Information Criteria (MAICC, MBICC) for 

the choice of the lag number k to be included in the Augmented Dickey-Fuller 

autoregression is 14.9% (using the MAICC) and 15.02% (using the MBICC) 

instead of 5% which are by far better than the results obtained when using the 

previous lag length selection methods noting also here significant size 

distortions. 

       The second, third and fourth case that is considered in Table (B.26) 

examine the size performance of the τDF – test statistic when the actual data 

generating process is a unit root process (of T=100 observations) with errors 

that follow an ARMA(2, 1) process of specified autoregressive and moving 

average parameters (φ1= - 0.43, φ2= - 0.49 and θ= - 0.99), (φ1= - 0.56, φ2= - 

0.81 and θ= - 0.99), (φ1= - 0.61, φ2= - 0.98 and θ= - 0.99), respectively, in 

order to have the following characteristics: (a) the autoregressive polynomial 
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roots are equal to the values of 0.7, 0.9 and 0.99 at frequency 0.6π indicating 

stronger “peaks” than the first case in this frequency in the true spectrum of 

the error process and (b) the moving average polynomial root is equal to the 

value of 0.99 at frequency zero indicating a strong “hole” at this frequency in 

the true spectrum of the same error process (see Figures (A.28) through 

(A.30)). We notice that the size distortions of the unit root τDF – test statistic 

using the standard t – tests (tsig(5), tsig(10)) for the significance on the last lag 

for the choice of the lag number to be included in the Augmented Dickey-

Fuller autoregression is getting smaller the stronger the “peak” is in the true 

spectrum of the error process at frequency 0.6π. The same conclusions hold 

for the size of the unit root τDF – test statistic when using the standard, the 

Corrected and the Modified Information Criteria for the choice of the lag 

number to be included in the Augmented Dickey-Fuller autoregression, with 

the latter ones, and especially the MAICC, giving the more acceptable sizes 

for the unit root τDF – test statistic. 

        The inability of the τDF – test statistic to keep the nominal size when the 

actual data generating process is a unit root process with errors that follow a 

moving average process with the characteristic that the moving average 

polynomial has a root close to unity at frequency zero, indicating a strong 

“hole” at frequency zero in the true spectrum of the error process, is well 

documented in the previous Monte Carlo simulation experiments.  Looking at 

the latter four cases we notice that the combination of a strong “hole”  at 

frequency zero and a strong “peak” at any frequency choices different from 

zero in the true spectrum of an error process makes this inability to get 

decreased the stronger the “peak” is in the true spectrum of the error process.  

       The next two cases in Table (B.26) (cases 5 and 6) make the above 

statement more readable. More specifically, the fifth case examines the size 

performance of the τDF – test statistic when the actual data generating process 

is a unit root process (of T=100 observations) with errors that follow an 

ARMA(4, 1) process of specified autoregressive and moving average 

parameters φ1= - 0.63, φ2= - 0.84, φ3= - 0.17, φ4= - 0.40 and θ= - 0.99 in 

order to have the following characteristics: (a) the autoregressive polynomial 

roots are equal to the values of 0.7 at frequency 0.4π and 0.9 at frequency 
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0.7π indicating a mild “peak” at the frequency 0.4π and a stronger one at the 

frequency 0.7π in the true spectrum of the error process and (b) the moving 

average polynomial root is equal to the value of 0.99 at frequency zero 

indicating a strong “hole” at this frequency in the true spectrum of the same 

error process (see Figure (A.31)). We notice that the size of the unit root τDF 

– test statistic using the standard t – tests (tsig(5), tsig(10)) for the significance 

on the last lag for the choice of the lag number k to be included in the 

Augmented Dickey-Fuller autoregression is 10.08% (using the t sig(5)) and 

8.72% (using the tsig(10)) instead of 5% indicating  significant size 

distortions. The same conclusions hold for the size of the unit root τDF – test 

statistic when using the standard as well as the Corrected Information Criteria 

(AIC, BIC, AICC, BICC) for the choice of the lag number k to be included in 

the Augmented Dickey-Fuller autoregression. Furthermore, the size of the 

unit root τDF – test statistic using the Modified Information Criteria (MAICC, 

MBICC) for the choice of the lag number k to be included in the Augmented 

Dickey-Fuller autoregression is 6.64% (using the MAICC) and 8.37% (using 

the MBICC) instead of 5% which are by far better than the results obtained 

using the previous lag length selection methods noting also here size 

distortions. The sixth case that is considered in Table (B.26) is the same with 

the fifth one with the difference that the autoregressive polynomial roo ts are 

closer to the value of unity indicating stronger “peaks” in the true spectrum of 

the error process ARMA(4, 1) (see Figure (A.32)). We also notice in this case 

that the size of the unit root τDF – test statistic is fairly close to the nominal 

size of 5%, meaning that the combination of a strong “hole” at frequency zero 

and strong “peaks” at any frequency choices in the true spectrum of an e rror 

process does not produce significant size distortions to the τDF – test statistic 

when testing the unit root hypothesis in finite samples.  

       The case before the last one that is considered in Table (B.26) examine 

the size performance of the τDF – test statistic when the actual data generating 

process is a unit root process (of T=100 observations) with errors that follow 

an ARMA(2, 2) process of specified autoregressive and moving average 

parameters φ1= - 1.16, φ2= - 0.98 and θ1= - 1.16, θ2= 0.98, respectively, in 

order to have the following characteristics: (a) the autoregressive polynomial 
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root is equal to the value of 0.99 at frequency 0.3π indicating a strong “peak” 

at this frequency in the true spectrum of the error process and (b) the moving 

average polynomial root is equal to the value of 0.99 at frequency 0.7π, 

indicating a strong “hole” at this frequency in the true spectrum of the same 

error process (see Figure (A.33)). We notice in this case that the size of the 

unit root τDF – test statistic is not distorted, meaning that a strong “hole” at a 

frequency different from zero or a combination of a strong “hole” at a 

frequency different from zero and strong “peaks” at any frequency choices in 

the true spectrum of an error process does not produce significant size 

distortions to the τDF – test statistic when testing the unit root hypothesis in 

finite samples. The last case that is considered in Table (B.26) and is 

illustrated in Figure (A.34) leads to the same above conclusions. 

 

 

6.7 SUMMARY 

 

       In this Chapter we analyzed issues related to the selection of the 

truncation lag number k that has to be included in the Augmented Dickey-

Fuller autoregression before the application of the unit root τDF – test statistic 

proposed by Dickey and Fuller (1979) and Said and Dickey (1984). We have  

mainly focused on the implications of the lower-bound condition (A2) 

imposed by Said and Dickey (1984) on the Dickey-Fuller distribution. Lag 

length selection procedures that do not satisfy this condition tend to select 

truncation lag numbers that are too small for some parameter values of an 

error process. Standard Information Criteria based rules such as AIC and BIC 

fit into this category. 

       A general feature of the presented Monte Carlo simulation analysis is 

that an overly parsimonious model can have large size distortions, but an 

overparameterized model may have low power. But the size problem is more 

severe than the power loss in the sense that discrepancies in power across lag 

length selection procedures diminish as T increases, but size distortions 

persist even for large sample sizes for some methods of selecting the lag 

number that has to be included in the Augmented Dickey-Fuller 
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autoregression. In this regard, the standard t – test at the nominal size of 10%, 

tsig(10), for the significance on the last lag according to the general -to-

specific scheme will have an advantage over standard Information selection 

methods such as the AIC and BIC, because the former does not produce 

significant size and power distortions to the τDF – test statistic when it tests 

the unit root hypothesis in finite samples not forgetting also that tend to 

overparameterize in some cases. Furthermore, the Monte Carlo simulation 

study has repeatedly shown a strong association between the lag number k and 

the severity of size distortions and/or power loss. The problem is that while a 

small k is adequate for finite order autoregressive error processes and 

autoregressive moving average error processes with small moving average 

polynomial roots, a large k is generally necessary for noise functions with a 

moving average root that is close to unity and especially when the true 

spectrums of these error processes indicate this specific polynomial root at 

frequency zero.  

       Ng and Perron (2001) provided an improved procedure for choosing the 

lag number k that has to be included in the Augmented Dickey-Fuller 

autoregression before the application of the unit root τDF – test statistic. They 

argued that the penalty k assigned to overfitting in standard Information 

Criteria such as the AIC and BIC underestimates the cost of a low order 

model when the unit root process contains errors that have moving average 

terms that indicate a moving average polynomial root that is close to unity 

and especially when the true spectrum of these errors indicate this specific 

polynomial root at frequency zero. For the latter case, they suggest a class of 

Modified Information Criteria (MICC) that takes better account of the cost of 

underfitting. In particular, the Modified Akaike’s Information Criterion 

(MAICC) is shown to lead to substantial size and power improvements over 

standard Information Criteria and standard t – tests on the significance on the 

last lag according to general-to-specific modeling scheme. The key distinction 

between the Modified and standard Information Criteria is that the former 

include a penalty factor that is sample dependent and take account of the fact 

that the bias in the estimate of the sum of the autoregressive parameters is 
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highly dependent on the lag number k that has to be included in the 

Augmented Dickey-Fuller autoregression. 

       Our own Monte Carlo simulation analysis shows that the Modified 

Information Criteria and especially the Modified Akaike Information 

Criterion (MAICC) improve by far the size and power properties of the unit 

root τDF – test statistic especially in the case in which there are errors that are 

modeled by a MA(1) process with a moving average polynomial root close to 

unity.  

       To provide a deep insight into the issue of testing unit root h ypotheses in 

finite samples and choosing the appropriate order for the Augmented Dickey-

Fuller autoregression in order the Augmented Dickey-Fuller unit root τDF – 

test statistic to have robust and satisfactory size and power properties we 

study various error processes from their spectral perspective. Our own Monte 

Carlo simulation analysis shows that (a) the unit root  τDF – test statistic is 

being significantly distorted when there is strong and negative serial 

correlation of the moving average type at frequency zero with the MAICC 

having the best performance (b) the size and power properties of unit root test 

τDF – test statistic are not significantly affected when there is serial 

correlation of the autoregressive type with any of the lag length selection 

procedures and (c) under autoregressive moving average error processes, 

when a strong moving average polynomial root at frequency zero is combined 

with a strong autoregressive polynomial root elsewhere, the size distortions of 

the unit root τDF – test statistic for all the lag length selection methods are 

reduced the stronger the autoregressive polynomial root.  
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CHAPTER 7 

 

CONCLUSIONS 
 

 

 

       An enormous amount of analytical literature has been focused on testing 

unit roots in time series. When the true process that generates the data is a 

random walk, Fuller (1976) and Dickey-Fuller (1979, 1981) derived limiting 

distributions of unit root test statistics, the so called ZDF and τDF Dickey-

Fuller test statistics, when the estimated model is (a) the true model, (b) a 

random walk with shift in mean and (c) random walk with shift in mean and a 

linear time trend. The distribution of the Dickey-Fuller unit root test statistics 

relied on the error process being white noise, and so these test statistics are  

not valid if the error process is serially correlated. Such a restriction is a 

considerable drawback in applying these tests to time series in practice.  

       Dickey-Fuller (1979, 1981) and Said and Dickey (1984) considered the 

latter case and derived the limiting distribution of the unit root test statistics 

when the time series is an autoregressive integrated of order 1 and 

autoregressive integrated of order 1 moving average process, denoted by 

ARIMA(p,1,0) and ARIMA(p,1,q), respectively, with known p and q. These 

are the so called Augmented Dickey-Fuller test statistics. In some 

circumstances p and q may be unknown, in which Said and Dickey (1984) 

demonstrated that an ARIMA(p,1,q) process can be approximated by an 

ARIMA(kT,1,0) process, the so called Augmented Dickey-Fuller 

autoregression, where kT is a function of the sample size T and has to be 

chosen so that to satisfy some certain assumptions and conditions. This is a 

model selection problem. The usual statistical theory involves the selection of 

a model using various procedures including applications of significance tests 

such that of standard t – tests or maximization of specified criteria that work 

in a satisfactory way under certain conditions such that of AIC and BIC. 

These selection procedures are developed for giving satisfactory results 

asymptotically, so Monte Carlo simulation analysis is needed for examining 

their performance in finite samples.  
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       The Monte Carlo simulation experiments presented in the literature show 

that when there are errors that are modeled by a moving average process of 

order 1, denoted by MA(1), with a moving average polynomial root close to 

unity, a high order Augmented autoregression is necessary for the unit root 

test statistics to have good size and power properties, but selection criteria of 

the type mentioned above tend to select the truncation lag k T that is very 

small.  

       Ng and Perron (2001) considered a class of Modified Information 

Criteria (MICC) with a penalty factor that is sample dependent. It takes into 

account the fact that the bias in the sum of the autoregressive parameters is 

highly dependent on kT. These Criteria yield tests which seem to be able to 

keep the nominal size much better than the Standard Information Criteria 

(AIC, BIC) do. 

       Our own Monte Carlo simulation analysis shows that the Modified 

Information Criteria and especially the Modified Akaike Information 

Criterion (MAICC) improve by far the size and power properties of the unit 

root test statistics especially in the case where there are errors that are 

modeled by a MA(1) process with a moving average polynomial root close to 

unity.  

       To provide a deep insight into the issue of testing unit root hypotheses in 

finite samples and choosing the appropriate order for the Augmented Dickey-

Fuller autoregression in order the Augmented Dickey-Fuller unit root test 

statistics to have robust and satisfactory size and power properties we study 

various error processes from their spectral perspective. Our own Monte Carlo 

simulation analysis shows that (a) the unit root τDF – test statistic is being 

significantly distorted when there is strong and negative serial correlation of 

the moving average type at frequency zero with the MAICC having the best 

performance (b) the size and power properties of unit root τDF – test statistic 

are not significantly affected when there is serial correlation of the 

autoregressive type with any of the lag length selection procedures . A new 

result of our own simulation study is that (c) under autoregressive moving 

average error processes, when a strong moving average polynomial root at 

frequency zero is combined with a strong autoregressive polynomial root 
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elsewhere, the size distortions of the unit root  τDF – test statistic for all the 

lag length selection methods are reduced the stronger the autoregressive 

polynomial root. 
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                 Figure A.5 – Where are the Unit Roots ? 
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     Figure A.6 – Density of the unit root ZDF – test statistic under case 1 
 

 

 

 

 

 
 

 

   Figure A.7 – Density of the unit root τDF – test statistic compared with     

                        the standard Normal density (dashed curve) under case 1 
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    Figure A.8 – Density of the unit root ZDF – test statistic under case 2 

 

 

 

 

 

 
 

 

   Figure A.9 – Density of the unit root τDF – test statistic compared with     

                        the standard Normal density (dashed curve) under case 2 
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 Figure A.10 – Density of the unit root ZDF – test statistic under case 4 

 

 

 

 

 
 

 

Figure A.11 – Density of the unit root τDF – test statistic compared with     

                        the standard Normal density (dashed curve) under case 4 
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              TRUE SPECTRUMS OF MOVING AVERAGE  PROCESSES 

                       WITH SPECIFIED PARAMETERS AND ROOTS  

                                           T=100 OBSERVATIONS 

 

 

 

 

 

True spectrum of the    

         process ut                 

           where 

        ut  ~ MA(2) 

 

with MA parameters: 

        θ1 = - 0.43    

        θ2 =   0.49 

 

  and real MA root: 

0.7 at frequency 0.4π 

 

(case 1 in Table B.24) 

           

Figure A.12 

 

 

 

 

True spectrum of the   

          process ut                 

           where 

        ut  ~ MA(2) 

 

with MA parameters: 

        θ1 = - 0.61   

        θ2 =   0.98 

 

   and real MA root: 

0.99 at frequency 0.4π 

 

(case 2 in Table B.24) 

        

Figure A.13 
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                  True spectrum of the  

                          process ut                 

                            where 

                        ut  ~ MA(4) 

 

                 with MA parameters: 

                         θ1 = 0.55   

                         θ2 = 1.25 

                         θ3 = 0.54 

                         θ4 = 0.96 

 

                 and real MA roots: 

               0.99 at frequency 0.4π 

               0.99 at frequency 0.7π 

 

              (case 3 in Table B.24) 

           

 

Figure A.14 

 

 

 

 
True spectrum of the     

         process ut                 

           where 

         ut  ~ MA(3) 

 

with MA parameters: 

         θ1 = - 0.99   

         θ2 =   0.98 

         θ3 = - 0.97 

 

   and real MA roots: 

   0.99 at frequency 0 

   0.99 at frequency 0.5π 

 

   (case 4 in Table B.24) 

           

Figure A.15 
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True spectrum of the     

         process ut                 

           where 

         ut  ~ MA(3) 

 

         with MA               

      parameters: 

        θ1 = - 0.8   

        θ2 =   0.64 

        θ3 = - 0.51 

 

   and real MA roots: 

  0.8 at frequency 0 

0.8 at frequency 0.5π 
 

 

 

                                                                                                     (case 5 in Table B.24) 
           

Figure A.16 

 

 

 

 

 
True spectrum of the     

        process ut                 

           where 

        ut  ~ MA(5) 

 

with MA parameters: 

        θ1 = - 1.54  

        θ2 =   1.79 

        θ3 = - 1.78 

        θ4 =   1.50 

        θ5 = - 0.95 

 

   and real MA roots: 

   0.99 at frequency 0 

 0.99 at frequency 0.3π 

 0.99 at frequency 0.6π 

 

                                                                                             

                                                                                                    (case 6 in Table B.24) 

 Figure A.17 
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           True spectrum of the     

                    process ut                 

                      where 

                  ut  ~ MA(3) 

 

          with MA parameters: 

                   θ1 =  0.99  

                   θ2 =  0.98 

                   θ3 =  0.97 

 

           and real MA roots: 

           0.99 at frequency π 

           0.99 at frequency 0.5π 

 

          (case 7 in Table B.24) 

          

Figure A.18 

 

 

 

 

 

 
 

True spectrum of the     

        process ut                 

           where 

        ut  ~ MA(5) 

 

with MA parameters: 

        θ1 =  0.44  

        θ2 =  0.70 

        θ3 =  0.69 

        θ4 =  0.43 

        θ5 =  0.95 

 

   and real MA roots: 

   0.99 at frequency π 

   0.99 at frequency 0.3π 

   0.99 at frequency 0.6π 

 

                                                                                                  (case 8 in Table B.24) 

 Figure A.19 
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               TRUE SPECTRUMS OF AUTOREGRESSIVE  PROCESSES 

                       WITH SPECIFIED PARAMETERS AND ROOTS  

                                           T=100 OBSERVATIONS 

 

 

 

 

 
    True spectrum of    

       the process ut                 

           where 

         ut  ~ AR(2) 

 

with AR parameters: 

φ1 = 0.61 and φ2 = - 0.98 

 

    and real AR root: 

 0.99 at frequency 0.4π 

 

  (case 1 in Table B.25) 

          

Figure A.20 

 

 

    
     True spectrum of    
        the process ut                 

             where 

          ut  ~ AR(6) 

 

with AR parameters: 

φ1 = 0.40 ,   φ2 = - 0.38 

φ3 = 0.34 ,   φ4 = - 0.45 

φ5 = - 0.39 , φ6 = - 0.13 

 

    and real AR roots: 

 0.99 at frequency 0.2π 

 0.90 at frequency 0.6π 

 0.40 at frequency 0.8π 

 

  (case 2 in Table B.25) 

         

Figure A.21 
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    True spectrum of    
       the process ut                 

             where 

         ut  ~ AR(3) 

 

with AR parameters: 

φ1 = 1.60 , φ2 = - 1.59 

          φ3 = 0.97  

 

  and real AR roots: 

  0.99 at frequency 0 

 0.99 at frequency 0.4π 

 

  (case 3 in Table B.25) 

         

Figure A.22 
 

 

 

 
 

 

     True spectrum of    
        the process ut                 

              where 

           ut  ~ AR(3) 

 

with AR parameters: 

        φ1 = - 0.61   

        φ2 = - 0.61    

        φ3 =   0.97  

 

  and real AR roots: 

  0.99 at frequency 0 

  0.99 at frequency 

0.8π 

 

  (case 4 in Table B.25) 
           

Figure A.23 
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   True spectrum of    
      the process ut                 

            where 

         ut  ~ AR(4) 

 

with AR parameters: 

        φ1 =   1.60   

        φ2 = - 1.96   

        φ3 =   1.57  

        φ4 = - 0.96 

 

    and real AR roots: 

 0.99 at frequency 0.2π 

 0.99 at frequency 0.5π 

 

  (case 5 in Table B.25) 
          

Figure A.24 

 

 

 

 
 

   True spectrum of    
       the process ut                 

             where 

          ut  ~ AR(5) 

 

with AR parameters: 

         φ1 =  - 0.61  

         φ2 =  - 0.37   

         φ3 =    0.37 

         φ4 =    0.59 

         φ5 =    0.95 

 

    and real AR roots: 

    0.99 at frequency 0 

    0.99 at frequency 0.5π 

    0.99 at frequency 0.8π 

  

                                                                                                   (case 6 in Table B.25) 
        

Figure A.25 
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   True spectrum of    
      the process ut                 

            where 

          ut  ~ AR(5) 

 

with AR parameters: 

     φ1 =  - 2.59  

     φ2 =  - 3.55   

     φ3 =  - 3.51 

     φ4 =  - 2.51 

     φ5 =  - 0.95 

 

    and real AR roots: 

   0.99 at frequency π 

   0.99 at frequency 0.5π 

   0.99 at frequency 0.8π 

 
                                                                                   (case 7 in Table B.25) 

          

Figure A.26 
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        TRUE SPECTRUMS OF AUTOREGRESSIVE MOVING AVERAGE   

            PROCESSES WITH SPECIFIED PARAMETERS AND ROOTS  

                                           T=100 OBSERVATIONS 

 

 

 

 
True spectrum of the                                                                                                                      

        process ut                                                                                                                                  

           where                                                                                                                 

   ut  ~ ARMA(2,1)   

                                                                                                   

   MA parameter:                                                                                                                  

        θ = - 0.99                                                                                                      

      real MA root:                                                                                                              

  0.99 at frequency 0                                                                                                       

   AR parameters:                                                                                                                 

       φ1 = - 0.31                                                                                                
      φ2 = - 0.25                                                                                                                  

      real AR root:                                                                                       
0.5 at frequency 0.6π 

 

                                                                                                         

                                                                                                   (case 1 in Table B.26) 

  Figure A.27 

 

 
True spectrum of the     

        process ut                 

           where 

    ut  ~ ARMA(2,1) 

  

     MA parameter: 

          θ = - 0.99 

       real MA root: 

  0.99 at frequency 0 

    AR parameters: 

        φ1 = - 0.43 
       φ2 = - 0.49 

       real AR root: 

0.7 at frequency 0.6π 

 

                                                                                                     (case 2 in Table B.26) 
        

 Figure A.28 
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True spectrum of the     

        process ut                 

           where 

    ut  ~ ARMA(2,1) 

 

     MA parameter: 

        θ = - 0.99 

       real MA root: 

   0.99 at frequency 0 

    AR parameters: 

        φ1 = - 0.56 
       φ2 = - 0.81 

       real AR root: 

 0.9 at frequency 0.6π 

 

(case 3 in Table B.26) 

          

Figure A.29 
 

 

 

 

 

 
True spectrum of the     

        process ut                 

           where 

    ut  ~ ARMA(2,1) 

 

     MA parameter: 

        θ = - 0.99 

       real MA root: 

  0.99 at frequency 0 

    AR parameters: 

        φ1 = - 0.61 
       φ2 = - 0.98 

       real AR root: 

 0.99 at frequency 0.6π 

 

 (case 4 in Table B.26) 
         

Figure A.30 
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         True spectrum of the     

                  process ut                 

                     where 

            ut  ~ ARMA(4,1) 

 

             MA parameter: 

                 θ = - 0.99 

              real MA root: 

             0.99 at frequency 0 

               AR parameters: 

                   φ1 = - 0.63 
                φ2 = - 0.84 

                   φ3 = - 0.17 
                φ4 = - 0.40 

                 real AR roots: 

        0.7 at frequency 0.4π 

                                                                                         

         0.9 at frequency 0.7π 

                                                                             

Figure A.31                                                                 (case 5 in Table B.26) 
 

 

 

 
True spectrum of the     

        process ut                 

           where 

    ut  ~ ARMA(4,1) 

 

     MA parameter: 

        θ = - 0.99 

      real MA root: 

  0.99 at frequency 0 

    AR parameters: 

        φ1 = - 0.44 
       φ2 = - 0.10 

        φ3 = - 0.43 
       φ4 = - 0.96 

      real AR roots: 

 0.99 at frequency 0.3π 

                                                                                                 0.99 at frequency 0.8π 

         

Figure A.32 
                                                                                   (case 6 in Table B.26) 
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True spectrum of the     

        process ut                 

           where 

    ut  ~ ARMA(2,2) 

 

     MA parameters: 

        θ1 = - 1.16 

        θ2 =   0.98 

      real MA root: 

  0.99 at frequency 0.3π 

    AR parameters: 

        φ1 = - 1.16 
       φ2 = - 0.98 

       real AR root: 

 0.99 at frequency 0.7π 

      

                                                                                                 (case 7 in Table B.26) 

 

         

Figure A.33 
 

 

 
True spectrum of the     
        process ut                 

           where 

    ut  ~ ARMA(4,1) 

 

     MA parameter: 

        θ = - 0.99 

      real MA root: 

  0.99 at frequency π 

    AR parameters: 

        φ1 = - 0.44 
       φ2 = - 0.10 

        φ3 = - 0.43 
       φ4 = - 0.96 

       real AR roots: 

 0.99 at frequency 0.3π 

 0.99 at frequency 0.8π 

 
                                                                                   (case 8 in Table B.26) 

 

Figure A.34 
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